
LIE GROUPS AND LIE ALGEBRAS

ANDREW WOOD

1. Introduction

1.1. Examples. An example of a Lie group is the general linear group G =
GL (d,R), consisting of all invertible d × d matrices over R. Indeed, G is closed
under multiplication, and satisfies the group axioms. Further, multiplication is
smooth, i.e., subset of Rd×d. Inversion is smooth as well.

Another example includes upper triangular matrices. One easily computes1 x z
0 1 y
0 0 1

1 a c
0 1 b
0 0 1

 =

1 a+ x c+ xb+ z
0 1 y + b
0 0 1


to observe these matrices are indeed closed under multiplication.

Now, another example is R3 with (x, y, z) ∗ (a, b, c) = (x+ a, y + b, z + c+ xb),
which is smooth on all entries.

A few others are the rotational group (i.e., SO(3)) and orthogonal transforma-
tions/group.

1.2. Exponential map. LetX ∈Md×d(R) be a matrix. We define eX =
∑∞
n=0

1
n!X

n.

Observe eX · e−X = I = e−X · eX . So, eX ∈ GL (d,R). Also, e0 = I, where 0 is the
zero matrix. Note that x 7→ eX “close enough to the identity” is surjective, and
“close enough to zero matrix” is one-to-one.

If X and Y are close to the zero matrix, eX and eY are close to the identity, so
eXeY = eZ where Z = X+Y + 1

2 [X,Y ]+. . . and [X,Y ] = XY −Y X (commutator).

2. Differential Geometry

2.1. Manifolds. Fix M a Hausdorff space (one might also impose M to be second
countable, but we do not), and d ∈ N0, which will be the dimension. If d = 0, M
consists of disjoint singletons. We now provide terminology to properly define a
manifold.

A local chart is a pair (U, x), where U ⊂ M is open and x : U →
⊂Rd︷ ︸︸ ︷
x(U) is a

homeomorphism with x(U) open in Rd.
Let (U, x) and (V, y) be charts. The charts (U, x) and (V, y) are called C∞-

related if the maps y ◦ x−1 : x(U ∩ V )→ Rd and x ◦ y−1 : y(U ∩ V )→ Rd are both
C∞-maps (i.e., all partial derivatives exist).

A function f is called real analytic if every point has a nhood in which there is a
power series that converges to the function value. Notation: f is called a Cω-map.
Every Cω-function is C∞, but converse is false. Similar definitions for two charts
being Cω-related. For our purposes, we refer to Ck-maps, where k ∈ {∞, ω}.
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Rd Rd

y ◦ x−1

x ◦ y−1

x
y

U
V

U
V

M

x(U) y(V )

y(U ∩ V )x(U ∩ V )

An atlas on M is a collection of charts A = {(Uα, xα) | α ∈ I} such that⋃
α∈I Uα = M . Now, let k ∈ {∞, ω}. An atlas A is a Ck-atlas if for all α, β ∈ I

the charts (Uα, xα) and (Uβ , xβ) are Ck-related. If A is a Ck-atlas, then all charts
(Uα, xα) with α ∈ I are called smooth.

If A and B are Ck-atlases, then A ≤ B if A ⊂ B. This is clearly a partial
order. A Ck-structure on M is a maximal Ck-atlas on M , with respect to this
partial order.

Proposition 2.1. Let A = {(Uα, xα) | α ∈ I} be a Ck-atlas on M . Define B as
the collection of all charts on M that are Ck-related to each chart in A . Then B
is the unique Ck-structure on M containing A .

Proof. Let U be the collection of Ck-atlases on M which contain A . We claim
B =

⋃
U . Clearly,

⋃
U ⊂ B. It suffices to show B is a Ck-atlas to prove our

claim (it is obvious B is an atlas containing A ). Observe once we do so, uniqueness
and maximality are established by our claim, and we are done. Now, suppose (U, x)
and (V, y) are charts in B, and that p ∈ U ∩ V . There exists (W, z) ∈ A such that
p ∈W , since A is an atlas. By definition, (U, x) and (V, y) are both Ck-related to
(W, z). Hence, it follows that x ◦ y−1

∣∣
y(U∩V ∩W )

= x ◦ z−1 ◦ z ◦ y−1 is Ck (implying

x ◦ y−1 is Ck at y(p)), since z is a homeomorphism (in particular, a bijection) and
both x◦z−1, z◦y−1 are Ck-maps (recall composition of Ck-maps are Ck). It follows
that x ◦ y−1 is Ck, and similarly y ◦ x−1 (and thus the result follows). �

Example 2.2. The torus T = {z ∈ C | |z| = 1} is the circle in complex plane (not
to be confused with S1 × S1). Let U = (−π, π), x(t) = eit. Can get everything
except −1 on circle. Could take V = (36π, 38π) and y(t) = eit to again get
everything except a single point. We then take maximal atlas generated by (U, x)
and (V, y) to get structure on T.

A Ck-manifold (M,A ) is a Hausdorff space M together with a Ck-structure A
(i.e., maximal Ck-atlas). Shortly: M is a manifold. We say d is the dimension.

Example 2.3. M = R, U = R and x(t) = t. (U, x) is a chart. A = {(U, x)} is a

Ck-atlas. Ã is the structure generated by A .
V = R, y(t) = t3. y is a homeomorphism, so (V, y) is a chart. B = {(V, y)} is a

Ck-atlas. B̃ structure generated by B.



LIE GROUPS AND LIE ALGEBRAS 3(
R, Ã

)
is a Ck-manifold and

(
R, B̃

)
is a Ck-manifold. These are different

manifolds, since (U, x) and (V, y) are not C∞-related. For x ◦ y−1 is not C∞ (not
differentiable at zero).

Let (M,A ) be a manifold. Let Ω be an open subset of M . The induced atlas
on Ω is the structure on Ω generated by the atlas {(U ∩ Ω, x |U∩Ω) | (U, x) ∈ A },
so Ω becomes a manifold.

Example 2.4. M = Rd, U = Rd, x : U → Rd by x : p 7→ p. (U, x) chart. Take
structure generated by {(U, x)}. We always consider the manifold Rd with this
structure.

2.2. Differentiable functions. Let (M,A ) be a manifold. Let V ⊂M open and
f : V → R, a function. Then f is called a Ck-function if for all (U, x) ∈ A one has
that the function f ◦ x−1 : x(U ∩ V )→ R is a Ck-function.

Lemma 2.5. Suppose A is generated by Ck-atlas B. Then f is a Ck-function iff
for all (U, x) ∈ B the function f ◦ x−1 : x(U ∩ V )→ R is Ck.

Proof. The forward direction is trivial. Conversely, suppose for each (U, x) ∈ B
the function f ◦ x−1 : x(U ∩ V ) → R is Ck. Suppose (U, x) ∈ A , and let p ∈ U .
Then there exists (W, y) ∈ B such that p ∈W . Since f ◦ y−1 : y(V ∩W )→ R and
y ◦ x−1 : x(U ∩W ) → Rd are Ck-maps, f ◦ x−1 |x(U∩V ∩W )= f ◦ y−1 ◦ y ◦ x−1 is

a Ck-map. That is to say, f ◦ x−1 is Ck at point p; therefore, f ◦ x−1 is clearly a
Ck-function. �

R

Rd
x

f f Φ

f ◦ x−1
U

V

U

V

M

x(U)

N M

V Φ−1(V )

If f : V → R is a Ck-map and p ∈ V , then f is called a Ck-map about p.
Notation: all Ck-maps about p are Fp = FpM = Fp(M) = F(M,p). Two Ck

maps about p; we can add, scalar multiplication, constant function on full manifold
is zero, but not a vector space due to the domain problem for inverse (always restrict
domain when composing, but zero is defined on full manifold).

Example 2.6. Let (U, x) be a smooth chart. Let i ∈ {1, . . . , d}. Define projection
map πi : Rd → R by πi(p1, . . . , pd) = pi. Then πi ◦ x : U → R is a Ck-map.

Note. In terms of Lie groups want g 7→ g−1 to be smooth (where G→ G).

Let (M,A ) and (N,B) be two manifolds. Let Φ : M → N be a function. Then
Φ is called a Ck-map if for every Ck-function f : V → R, with V ⊂ N open in
N the composition f ◦ Φ : Φ−1(V ) → R is a Ck-function. Since we only defined
Ck-functions on open sets, Φ−1(V ) must be open. In particular, this implies Φ is
continuous.
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Note. A Ck-map is a continuous map from M into N .

Lemma 2.7. Let Φ : M → N . The following are equivalent.

(1) Φ is a Ck-map.
(2) Φ is continuous and for all (U, x) ∈ A and (V, y) ∈ B, the map y◦Φ◦x−1 :

x
(
U ∩ Φ−1(V )

)
→ y(V ) is Ck (suffices for generating atlas).

Proof. ((1) =⇒ (2)). Suppose Φ is a Ck-map. Suppose V is open in N , and that
f : V → R is a Ck-function. Then f ◦ Φ : Φ−1(V )→ R is a Ck-function, implying
Φ−1(V ) is open in M . Hence, Φ is continuous. Now, suppose (U, x) ∈ A and
(V, y) ∈ B. Then πi ◦ y : V → R is a Ck-map, and consequently πi ◦ y ◦ Φ :
Φ−1(V ) → R is a Ck-function. Hence, πi ◦ y ◦ Φ ◦ x−1 is a Ck-function. Since
y ◦ Φ ◦ x−1 is coordinate-wise Ck, it follows that it is Ck.

((2) =⇒ (1)). Now, suppose f : V → R is a Ck-function, with V open subset
of N . Consider f ◦ Φ : Φ−1(V ) → R. We aim to show f ◦ Φ is a Ck-function.
To this end, suppose p ∈ Φ−1(V ). Since A is an atlas, there exists chart (U, x)
such that p ∈ U . We may assume without loss of generality U ⊆ Φ−1(V ). Since
B is an atlas, there exists chart (W, y) such that Φ(p) ∈ W . Since f is a Ck-
function, f ◦ y−1 : y(W )→ R is Ck. Also, y ◦Φ ◦x−1 is Ck by assumption; so their
composition f ◦Φ ◦x−1 is Ck around a nhood of p. Hence, f ◦Φ ◦x−1 is Ck. Thus,
f ◦ Φ is a Ck-function, which proves Φ is a Ck-map. �

Rd Rd̃

Φ

y ◦ Φ ◦ x−1

x y

M N

U V

x(U) y(V )

Let M and N be two manifolds. A Ck-diffeomorphism is a bijection Φ : M → N
such that both Φ and Φ−1 are Ck-maps. We then say M and N are diffeomorphic.

2.3. Tangent space. A tangent vector at point p of a Ck-manifold M is a function
v : Fp → R such that

v(f + g) = v(f) + v(g)

v(λf) = λv(f)

v(f · g) = v(f) · g(p) + f(p) · v(g),

for each f, g ∈ Fp and λ ∈ R. The final property is called the Leibniz rule/property.
Let TpM be the vector space of all tangent vectors at p, which is called the tangent
space. Let U ⊂ M open such that p ∈ U . Then the smooth function 1U : U → R
defined by 1U (q) = 1 for each q ∈ U is in Fp. Observe

v(1U ) = v(1U · 1U ) = v(1U ) · 1U (p) + 1U (p) · v(1U ) = 2v(1U ),

implying v(1U ) = 0.
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Let f : V → R function with V ⊂M open and f ∈ Fp. Then

v(f)U∩V = v(f · 1U ) = v(f)

1︷ ︸︸ ︷
1U (p) +f(p)

0︷ ︸︸ ︷
v(1U ) = v(f),

so restricting f to smaller open sets does not change anything w.r.t. tangent.
Let I ⊂ R open interval and t0 ∈ I. Let γ : I → M be a Ck-map. Define

γ̇(t0) : Fp → R,

(γ̇(t0))(f) =
d

dt
(f ◦ γ)(t) |t=t0 .

Then γ̇(t0) is a tangent vector. Clearly linear, and satisfies Leibniz rule due to
product rule.

Let (U, x) be a smooth chart on M . Let v ∈ {1, . . . , d} and p ∈ U . Define

∂

∂xi

∣∣∣∣
p

: Fp → R

by

∂

∂xi

∣∣∣∣
p

(f) = Di

(
f ◦ x−1

)
|x(p)

=
d

dt

∣∣∣∣
t=0

(
f ◦ x−1

)
(x(p) + tei)

=
d

dt

∣∣∣∣
0

(f ◦ γ)(t),

where γ(t) = x−1(x(p) + tei) and ei standard basis vector for Rd. Then γ(0) =
x−1(x(p)) = p. Di ordinary partial derivative on Rd, and ∂

∂xi |p tangent vector.

R

Rd

p

x(p)

x

f

f ◦ x−1
U

V

U

V

M

x(U)

Theorem 2.8. Let (U, x) be a smooth chart with p ∈ U . Then
{

∂
∂x1 |p, . . . , ∂

∂xd
|p
}

is a basis for TpM . So dimTpM = d.

Proof. First show linear independence. Let i, j ∈ {1, . . . , d}. Then

∂

∂xi

∣∣∣∣
p

(πj ◦ x) = Di

(
(πj ◦ x) ◦ x−1

)
|x(p)

= Di(πj) |x(p)=

{
0 if i 6= j;

1 if i = j;

which establishes independence. Remains to show spanning.
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Let v ∈ TpM . Define λi = v(πi ◦ x) ∈ R for all i ∈ {1, . . . , d}. We claim

v =
∑d
i=1 λi

∂
∂xi

∣∣
p
. Proof of claim: Let f ∈ Fp; f : V → R, V open and p ∈ V .

W.l.o.g., V = U , x(p) = 0 and x(U) = B(0, ε) for some ε > 0. Let ξ ∈ B(0, ε).
Then ∫ 1

0

d

dt

(
f ◦ x−1

)
(tξ)dt =

(
f ◦ x−1

)
(ξ)−

(
f ◦ x−1

)
(0),

so (
f ◦ x−1

)
(ξ) =

(
f ◦ x−1

)
(0) +

∫ 1

0

d

dt

(
f ◦ x−1

)
(tξ)dt

= f(p) +

∫ 1

0

d∑
i=1

ξi
(
Di

(
f ◦ x−1

))
(tξ)dt

= f(p) +

d∑
i=1

πi(ξ)

∫ 1

0

(
Di

(
f ◦ x−1

))
(tξ)dt,

and we let hi : B(0, ε)→ R be the Ck-function defined by hi(ξ) =
∫ 1

0

(
Di

(
f ◦ x−1

))
(tξ)dt.

Hence, f ◦ x−1 = f(p) +
∑d
i=1 πi · hi. That is,

f = f(p) +

d∑
i

(πi ◦ x) · (hi ◦ x).

Define gi = hi ◦ x : U → R. Then gi ∈ Fp. Then f = f(p) +
∑d
i (πi ◦ x) · gi. Let

j ∈ {1, . . . , d}. Then

∂

∂xj

∣∣∣∣
p

(f) =
∂

∂xj

∣∣∣∣
p

(f(p)1U ) +

d∑
i=1

∂

∂xj

∣∣∣∣
p

(πi ◦ x) · gi(p) +

d∑
i=1

(πi ◦ x)(p)
∂

∂xj

∣∣∣∣
p

(gi),

and thus
∂

∂xj

∣∣∣∣
p

(f) = gj(p),

since ∂
∂xj

∣∣
p

(f(p)1U ) = f(p) ∂
∂xj

∣∣
p

(1U ) = f(p) ·0 = 0, ∂
∂xj

∣∣
p

(πi ◦ x) ·gi(p) = δij ·gi,
and (πi ◦ x)(p) = 0 because x(p) = 0. Now,

v(f) = v(f(p)1U ) +

d∑
i=1

v(πi ◦ x) · gi(p) +

d∑
i=1

(πi ◦ x)(p) · v(gi) =

d∑
i=1

λi
∂

∂xi

∣∣∣∣
p

(f).

�

Note. We will use v =
∑d
i=1 v(πi ◦ x) · ∂

∂xi

∣∣
p

numerous times. We also consider

w =
∑
i w(πi ◦ y) ∂

∂yi
|q, with reference to below.

Let M,N be Ck-manifolds. Let Φ : M → N be a Ck-map. Let p ∈ M .
Define Φ∗p : TpM → TΦ(p)N , v ∈ TpM by (Φ∗p(v))(f) := v(f ◦ Φ). Then Φ∗p,
which is called the differential of Φ at p, is linear. Let (U, x) be a smooth chart,
with p ∈ U ; and let (V, y) be a smooth chart, with Φ(p) ∈ V . By Theorem 2.8,{

∂
∂x1 |p, . . . , ∂

∂xd
|p
}

is a basis for TpM and
{

∂
∂y1 |Φ(p), . . . ,

∂
∂yd
|Φ(p)

}
is a basis for

TΦ(p)N . Then the matrix element at place i, j of Φ∗p with respect to the two given
bases is given by,(

Φ∗p

(
∂

∂xj

∣∣∣∣
p

))
(πi ◦ y) =

∂

∂xj

∣∣∣∣
p

(πi ◦ y ◦ Φ) = Dj

(
πi ◦ y ◦ Φ ◦ x−1

)
|Φ(p) .
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Suppose M
Φ→ N

Ψ→ L and p ∈M . Observe (Ψ ◦ Φ)∗p = Ψ∗Φ(p) ◦ Φ∗p, since

(Ψ ◦ Φ)∗p(v)(f) = v(f ◦Ψ ◦ Φ) = (Φ∗p(v))(f ◦Ψ) =
(
Ψ∗Φ(p)(Φ∗p(v))

)
(f) =

((
Ψ∗Φ(p) ◦ Φ∗p

)
(v)
)
(f).

Let M be a Ck-manifold. Ω ⊂ M open; Ω induced manifold. Let p ∈ Ω.
Clearly, FpΩ ⊂ FpM . If f ∈ FpM , f : U → R (where U open in M), then
f |Ω= f |U∩Ω∈ FpΩ. Let v ∈ TpM . Then v : FpM → R. Hence, f 7→ v(f) by
FpΩ→ R is an element of TpΩ.

Let w ∈ Tp(Ω). Now, w : FpΩ→ R. Then FpM → R defined f 7→ w(f |p) is an
element of TpM . We identify v with w.

2.4. Vector Fields. Let M be a Ck-manifold. Let U ⊂M open. A vector field on
U is a function X : U →

⋃
p∈U TpM such that X(p) ∈ TpM for all p ∈ U . Notation:

Xp = X(p).
Let V ⊂ M open, and f : V → R a Ck-function. Define Xf : U ∩ V → R by

(Xf)(p) = Xp(f) for all p ∈ U ∩ V .
X is called a smooth vector field on U if Xf is a smooth function for every

Ck-function f .
Let g : U → R be a function. Define vector field, notation gX on U by (gX)(p) =

g(p)Xp, p ∈ U .
If both g and X are smooth, then gX is smooth (product of two smooth functions

are smooth).

Example 2.9. Let (U, x) be a smooth chart, and i ∈ {1, . . . , d}. Define X : U →⋃
p∈U TpM by Xp = ∂

∂xi

∣∣
p
. Then X is a smooth vector field. Notation: ∂

∂xi = X.

Let X : M →
⋃
p∈M TpM be a smooth vector field. Note

⋃
p∈M FpM is the set

of all smooth functions defined on an open subset of M . Notation: dom (X) is the
domain of f . Then:

(i) If f ∈
⋃
p∈M FpM , then Xf ∈

⋃
FpM and dom (Xf) = dom (f).

(ii) X(f + g) = X(f) +X(g).
(iii) X(λf) = λX(f).
(iv) X(fg) = (Xf) · g + f ·Xg.

f 7→ Xf where
⋃
p∈M FpM →

⋃
FpM .

Lemma 2.10. Let D :
⋃
p∈M FpM →

⋃
p∈M FpM be a map such that

(1) dom (Df) = dom (f)
(2) D(f + g) = Df +Dg
(3) D(λf) = λD(f)
(4) D(fg) = (Df)g + f ·Dg

for each f, g ∈
⋃
FpM , for all λ ∈ R. Then there exists a unique Ck-vector field

X on M such that Df = Xf for all f ∈
⋃
FpM .

Proof. For all p ∈M define Xp : FpM → R by Xp(f) = (Df)(p). Then Xp ∈ TpM .
Certainly (i)-(iv) hold, and Xp is smooth. �

Notation: D is the vector space of all smooth vector fields on M .
Let X and Y be smooth vector fields on M . Then X + Y is a smooth vector

field on M . But f 7→ XY f does not satisfy (4) in the above Lemma (in general);
so, D is not a vector field. Nevertheless: f 7→ X(Y f) − Y (Xf) satisfies (1)-(4) in
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the Lemma. For example, satisfies (4):

X(Y (fg)) = X((Y f)g + f · Y g)

= (XY f)g + (Y f)Xg + (Xf)(Y g) + fXY g

=⇒ XY (fg)− Y X(fg) = (XY f)g + f(XY g)− (Y Xf)g − f(Y Xg)

= ((XY − Y X)f)g + f(XY g − Y Xg).

Define smooth vector field, named [X,Y ] by [X,Y ]f = XY f − Y Xf . [X,Y ] is
linear in both entries. Also, [X,Y ] = −[Y,X] (antisymmetric) and

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0

which is called the Jacobi identity. If it satisfied these three properties, called a Lie
algebra. More formally, we define a Lie algebra below.

A Lie algebra is a pair (V, [·, ·]) where V is a vector space and [·, ·] : V ×V → V ,
called the Lie bracket, such that [·, ·] is bilinear (linear in both entries), antisym-
metric (i.e., [X,Y ] = −[Y,X] for each X,Y ∈ V ) and satisfies the Jacobi identity
(i.e., [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 for each X,Y, Z ∈ V ).

[X,Y ] is called the commutator of X and Y . If the commutator is clear, we
simply say V is a Lie algebra. Fix X ∈ V . Then the map V → V defined
Y 7→ [X,Y ] is linear. We call this map ad (X), the adjoint representation. So,
(ad (X))(Y ) = [X,Y ]. For example,

[X, [X, [X, [X,Y ]]]] = (ad (X))
4
(Y )

Example 2.11. D vector space of all smooth vector fields on M , with [X,Y ]f =
XY f − Y Xf is an example. Another one is by taking V vector space, and L(V )
the vector space of all linear maps from V into V . Then [A,B] = A ◦ B − B ◦ A
(for each A,B ∈ L(V )) defines Lie algebra (L(V ), [·, ·]).

Proposition 2.12. Let X,Y ∈ D and let (U, x) be a smooth chart on M . For each
i ∈ {1, . . . , d} define xi : U → R by xi = πi ◦ x (xi is index, not exponent). Then

Xp =

d∑
i=1

(
Xxi

)
(p)

∂

∂xi

∣∣∣∣
p

and

[X,Y ]p =

d∑
i=1

[(
X
(
Y xi

))
(p)−

(
Y
(
Xxi

))
(p)
] ∂

∂xi

∣∣∣∣
p

=

d∑
i,j=1

[(
Xxj

)
(p)

∂

∂xj

∣∣∣∣
p

(
Y xi

)
−
(
Y xj

)
(p)

∂

∂xj

∣∣∣∣
p

(
Xxi

)] ∂

∂xi

∣∣∣∣
p

for each p ∈ U .

Proof. �

2.5. Direct Product. Let (M,A ) and (N,B) be two Ck-manifolds. Say dimM =
d1 and dimN = d2. With: to make M × N a manifold, clearly product of
two Hausdorff spaces is Hausdorff (so only need to define Ck-structure on M ×
N). Let (U, x) ∈ A and (V, y) ∈ B where x : U → Rd1 and y : V → Rd2
are homeomorphisms. Define map x × y : U × V → Rd1+d2 ∼= Rd1 × Rd2 by
(x× y)(p, q) = (x(p), y(q)). Then (U × V, x× y) is a chart on M × N . Also,
{(U × V, x× y) | (U, x) ∈ A , (V, y) ∈ B} is an atlas on M × N . In fact, it is a
Ck-atlas. Of course, we can then take our Ck-structure on M × N to be the one
generated by this Ck-atlas.
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Proposition 2.13. Let p ∈ M and q ∈ N . Then TpM × TqN ∼= T(p,q)(M ×N)
(vector spaces isomorphic).

Proof. Define ϕ : TpM × TqN → T(p,q)(M ×N) by (ϕ(v, w))(f) := v(f ◦ i1) +
w(f ◦ i2), where v ∈ TpM and w ∈ TqN (observe ϕ is linear). Define i1 : M →
M × N by i1(a) = (a, q) and i2 : N → M × N by i2(p, b) (both i1 and i2 are

smooth). Need f ∈ F(p,q)(M ×N) where f : M ×N → R. M
i1→M ×N f→ R.

Define ψ : T(p,q)(M ×N)→ TpM×TqN by ψ(u) = (v, w) where u ∈ T(p,q)(M ×N),
v(f) = u(f ⊗ 1N ) and w(g) = u(1M ⊗ g). Also, f ∈ FpM , g ∈ FqN . (f ⊕ g)(a, b) =
f(a) · g(b). Bijective, so vector spaces are isomorphic. �

Note. By convention, we identify TpM × TqN with T(p,q)(M ×N) via the map ϕ.

Let L be a manifold and θ : M × N → L be a Ck-map. Let p ∈ M , q ∈ N ,
v ∈ TpM , w ∈ TqN . θ∗(p,q)(v, w) ∈ Tθ(p,q)L. θ(1) := θ ◦ i1 and θ(2) := θ ◦ i2. Let f
be a smooth function on L, i.e., f ∈ F(p,q)L. Then

(
θ∗(p,q)(v, w)

)
(f) =

(
θ∗(p,q)ϕ(v, w)

)
(f)

= ϕ(v, w)(f ◦ θ)
= v(f ◦ θ ◦ i1) + w(f ◦ θ ◦ i2)

= v
(
f ◦ θ(1)

)
+ w

(
f ◦ θ(2)

)
=
(
θ

(1)
∗p (v)

)
(f) +

(
θ

(2)
∗q (w)

)
(f)

=
(
θ

(1)
∗p (v) + θ

(2)
∗q (w)

)
(f).

Hence, θ∗(p,q)(v, w) = θ
(1)
∗p (v) + θ

(2)
∗q (w).

Proposition 2.14. Let M,N be Ck-manifolds and f : M ×N → R a Ck-function.
Fix q ∈ N and v ∈ TqN . For all p ∈ M define ip : N → M ×N by ip(b) = (p, b).
Define g : M → R by g(p) = v(f ◦ ip). Then g is a Ck-function on M .

Proof. �

2.6. Vector Spaces. Let V be a finite dimensional vector space over R with
d = dimV ∈ N (i.e., d 6= 0). Let E = {e1, . . . , ed} be a basis for V . Define

norm ‖·‖E on V by
∥∥∥∑d

i=1 λiei

∥∥∥
E

=
√
λ2

1 + . . .+ λ2
d. Let Ẽ be another basis on

V . Then ‖·‖E and ‖·‖Ẽ are equivalent. Hence, open sets independent of norm

chosen. Define chart (V, xE) by xE : V → Rd with xE

(∑d
i=1 λiei

)
= (λ1, . . . , λd),

which is indeed a homeomorphism. Then (V, xE) and
(
V, xẼ

)
are Cω-related. So,

{(V, xE) | E basis for V } is a Cω-atlas on V . Therefore, generates a structure.
Fix p ∈ V . Let q ∈ V . Define γq : R → V by γq(t) = p + tq for each t ∈ R.

Then γq is a Cω-map. So, γ̇q(0) ∈ TpV . Let E = {e1, . . . , ed} be a basis for V . Let



10 ANDREW WOOD

q =
∑d
i=1 λiei ∈ V . Let f ∈ FpV . Then

(γ̇q(0))(f) =
d

dt

∣∣∣∣
0

(f ◦ γq)(t) |t=0

=
d

dt

∣∣∣∣
0

(
f ◦ x−1

E

) xE(p)+xE(q)=xE(p)+(λ1t,...,λdt)︷ ︸︸ ︷
(xE(p+ tq))

=

d∑
i=1

λiDi

(
f ◦ x−1

E

)
|xE(p)

=

d∑
i=1

λi
∂

∂xiE

∣∣∣∣
p

.

Define J : V → TpV by J (q) = γ̇q(0); (J (q))(f). So,

J

(∑
i

λiei

)
=

d∑
i=1

λi
∂

∂xiE

∣∣∣∣
p

for each λ1, . . . , λd ∈ R. So, J is an isomorphism, i.e., V ∼= TpV .

3. Lie Groups

A Ck-Lie group G is a group G, which is also a Ck manifold such that the
multiplication (g, h) 7→ gh (G × G → G) is a Ck map, and inversion g 7→ g−1

(G → G) is a Ck-map. Furthermore, dimG is equal to the dimension of the
manifold.

Note. Let (G,A ) be a C∞-Lie group. Then there is a Cω-structure B on G such
that B ⊂ A and (G,B) is a Cω-Lie group. In fact, would only require (G,A ) to
be a C1-Lie group (which was one of Hilbert’s problems).

Proposition 3.1. If G,H are Ck-Lie groups, then G×H is a Ck-Lie group.

Proof. �

Example 3.2.
(
Rd,+

)
is a Lie group (in fact, a Cω-Lie group) of dimension d.

We claim the torus T = {z ∈ C | |z| = 1} is a group under multiplication, and
has Ck-atlas generated by (U, x) and (V, y) from our introduction of the torus,
yielding a Cω-Lie group of dimension 1. We will now show in detail why the torus
is indeed a Lie group.

Example 3.3. GL (d,R) =
{
A ∈Md×d(R)

∣∣ detA 6= 0
}

is the group of all invert-

ible d×d matrices over R. Observe Md×d(R) ∼= Rd2 , where GL (d,R) homeomorphic

to open subset in Rd2 ; hence, we obtain the induced manifold for GL (d,R), which
has same dimension d2. Both inversion and multiplication smooth/Cω, so a Lie
group. Indeed, as in our introduction section, the upper triangular matrices is an
example. Also H = R3 as a manifold, and (H, ∗) is a group with multiplication
(x, y, z) ∗ (a, b, c) = (x+ a, y + b, z + c+ xb). Observe ∗ is a Cω-map; also, H has

identity element e = (0, 0, 0) and inverse (x, y, z)
−1

= (−x,−y,−z + xy). So, Cω-
Lie group, which is called the Heisenberg group: note (H, ∗) is not commutative
(however, it is in the first two coordinates).



LIE GROUPS AND LIE ALGEBRAS 11

Example 3.4. Let a > 0 and b ∈ R. Define τ(a,b) : R → R by τ(a,b)(x) = ax + b.
The map is affine. c > 0 and d ∈ R.(

τ(a,b) ◦ τ(c,d)

)
(x) = τ(a,b)(cx+ d)

= a(cx+ d) + b

= acx+ b+ ad

= τ(ac,b+ad)(x).

Hence, τ(a,b) ◦ τ(c,d) = τ(ac,b+ad).
Now, define G = (0,∞) × R (which is connected; if one takes R \ {0} × R,

not connected). Observe dimG = 2. Define multiplication by (a, b) ∗ (c, d) =

(ac, b+ ad). Then (G, ∗) is a group where identity e = (1, 0) and inverse (a, b)
−1

=(
1
a ,−

b
a

)
. Indeed, a Cω-Lie group, called the (ax+ b)-group.

Example 3.5. Consider matrices of the form

cos θ − sin θ x
sin θ cos θ y

0 0 1

. G = R3 as a

manifold with multiplication

(θ, x, y) ∗ (η, a, b) = (θ + η, x+ a cos θ − b sin θ, y + a sin θ + b cos θ).

(G, ∗) is a group, and indeed a Cω-Lie group called the covering group of the
Euclidean motion group. The identity element is (0, 0, 0) and

(θ, x, y)
−1

= (−θ,−x cos θ − y sin θ, x sin θ − y cos θ).

Consider T× R2 (which is connected), and multiplication

(z, x, y) ∗ (w, a, b) = (zw, x+ a cos θ − b sin θ, y + a sin θ + b cos θ),

and z = eiθ. Indeed, a Cω-Lie group, called Euclidean motion group. T is not
simply connected; hence covering topological space makes a covering space (R3 is
simply connected).

Let g ∈ G, where G is a Ck-Lie group. Define Lg : G→ G (i.e., left translation)
by Lgh := gh. Let h ∈ G. Define Rh : G → G (i.e., right translation) by Rh(g) =
gh−1. Lg is a Ck-diffeomorphism; also,

(Lg1 ◦ Lg2)(h) = Lg1(g2h) = g1g2h = Lg1g2h

and

(Rh1
◦Rh2

)(g) = Rh1

(
gh−1

2

)
= gh−1

2 h−1
1 = g(h1h2)

−1
= Rh1h2

(g).

Hence, Rh1
◦Rh2

= Rh1h2
.

Let X be a vector field on G. Then X is called left invariant if for each g, h ∈ G,

(Lg)∗hXh = XLgh,

where Xh ∈ ThG, (Lg)∗hXh and XLgh both members of TLghG. Similarly, right
invariant if

(Rg)∗hXh = XRgh

for each g, h ∈ G.

Proposition 3.6. Every left invariant vector field is a C∞ vector field.

Proof. �

Lemma 3.7. X is left invariant if and only if (Xf) ◦ Lg = X(f ◦ Lg) for all
f ∈

⋃
g∈G FgG and each g ∈ G.
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Proof. Let g, h ∈ G, and f ∈ FghG (smooth function about gh). Then

XLghf = (Xf)(gh) = ((Xf) ◦ Lg)(h)

and (
(Lg)∗h(Xh)

)
f = Xh(f ◦ Lg) = (X(f ◦ Lg))(h).

�

Before we typically let v denote our tangent vectors. From now on: X ∈ TeG.

Lemma 3.8. For all X ∈ TeG, there exists a unique left invariant vector field X̃

on G such that X̃e = X.

Proof. For all g ∈ G, define X̃g = (Lg)∗e(X). Then X̃ is left invariant. Observe(
X̃f
)

(g) = X̃gf =
(
(Lg)∗e(X)

)
(f) = X(f ◦ Lg).

Indeed, let g ∈ G and f smooth. Then for all h ∈ G,((
X̃f
)
◦ Lg

)
(h) =

(
X̃f
)

(gh) = X(f ◦ Lgh)

and (
X̃(f ◦ Lg)

)
(h) = X(f ◦ Lg ◦ Lh) = X(f ◦ Lgh).

Hence, by previous Lemma, result easily follows. �

Lemma 3.9. Let X̃ and Ỹ be left invariant vector fields on G. Then [X̃, Ỹ ] is left
invariant.

Proof. Let g ∈ G and f smooth. Then we want to show that(
[X̃, Ỹ ]f

)
◦ Lg = [X̃, Ỹ ](f ◦ Lg).

Observe (
[X̃, Ỹ ]f

)
◦ Lg =

(
X̃Ỹ f − Ỹ X̃f

)
◦ Lg

=
(
X̃
(
Ỹ f
))
◦ Lg −

(
Ỹ
(
X̃f
))
◦ Lg

=
(
X̃
(
Ỹ f
)
◦ Lg

)
−
(
Ỹ
(
X̃f
)
◦ Lg

)
= X̃Ỹ (f ◦ Lg)− Ỹ X̃(f ◦ Lg)

= [X̃, Ỹ ](f ◦ Lg).
�

The Lie algebra g of G is the vector space g = TeG and Lie bracket [X,Y ] :=

[X̃, Ỹ ]e ∈ TeG = g. The dimension of the Lie algebra is dim g = d = dimG.

Example 3.10. Heisenberg group H = R3 as manifold, multiplication as (a, b, c) ∗
(x, y, z) = (a+ x, b+ y, c+ z + ay). Charts: U = H and x : U → R3 defined
x(a, b, c) = (a, b, c). Identity element is e = (0, 0, 0). Let

X1 =
∂

∂x1

∣∣∣∣
e

X2 =
∂

∂x2

∣∣∣∣
e

X3 =
∂

∂x3

∣∣∣∣
e

.

Then {X1, X2, X3} is a Hamel basis for g = TeH (recall X ∈ TpG can be written

X =
∑d
i=1X(πi ◦ x) ∂

∂xi

∣∣
p
). Let k ∈ {1, 2, 3}. Let (a, b, c) ∈ H. Then

X̃k |(a,b,c)=
3∑
i=1

X̃k |(a,b,c) (πi ◦ x)
∂

∂xi

∣∣∣∣
(a,b,c)

.
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Observe

X̃k |(a,b,c) (π ◦ x) = Xk

(
πi ◦ x ◦ L(a,b,c)

)
=

∂

∂xk

∣∣∣∣
(0,0,0)

(
πi ◦ x ◦ L(a,b,c)

)
= Dk

(
πi ◦ x ◦ L(a,b,c)x

−1
)
|x(0,0,0)

=
d

dt

∣∣∣∣
t=0

(
πi ◦ x ◦ L(a,b,c) ◦ x−1

)
(tek)

=
d

dt

∣∣∣∣
t=0

πi((a, b, c) ∗ (tek)).

Now,

(a, b, c) ∗ (t, 0, 0) = (a+ t, b, c)

(a, b, c) ∗ (0, t, 0) = (a, b+ t, c+ at)

(a, b, c) ∗ (0, 0, t) = (a, b, c+ t).

Therefore,

k = 1 X̃1 |(a,b,c)=
∂

∂x1

∣∣∣∣
(a,b,c)

k = 2 X̃2 |(a,b,c)=
∂

∂x2

∣∣∣∣
(a,b,c)

+ a
∂

∂x3

∣∣∣∣
(a,b,c)

k = 3 X̃3 |(a,b,c)=
∂

∂x3

∣∣∣∣
(a,b,c)

.

Now, we wish to calculate [X̃1, X̃2]. Notice(
X̃1f

)
(a, b, c) =

(
∂

∂x1
f

)
(a, b, c) = D1

(
f ◦ x−1

)∣∣
x(a,b,c)

= (D1f)(a, b, c)

and (
X̃2f

)
(a, b, c) = (D2f)(a, b, c) + a(D3f)(a, b, c).

Hence,(
X̃1X̃2f

)
(a, b, c) = (D1D2f)(a, b, c) + (D3f)(a, b, c) + a(D1D3f)(a, b, c)

and (
X̃2X̃1f

)
(a, b, c) = (D2D1f)(a, b, c) + a(D3D1f)(a, b, c).

As D1D2 = D2D1 etc, (
[X̃1, X̃2]f

)
(a, b, c) = (D3f)(a, b, c).

Consequently,

[X1, X2]f =
(

[X̃1, X̃2]f
)

(e) = (D3f)(e) = X3f.

So, [X1, X2] = X3 and [X2, X1] = −X3. All other commutators are equal to zero
(for e.g., [X1, X3] = 0 etc).

Example 3.11. Let V be a vector space of dim (V ) = d ∈ N (so d > 0). L(V ) is
the vector space of all linear maps A : V → V . GL(V ) = {A ∈ L(V ) | det (A) 6= 0}
is a group, open in L(V ). L(V ) is a manifold, since L(V ) has finite dimension d2.
GL(V ) is also a manifold (taking the induced manifold), with multiplication and
inversion smooth. Thus, GL(V ) is a Cω-Lie group with identity element e = I.
Lie algebra of GL(V ) is denoted by gl(V ) = TIGL(V ) = TIL(V ), where the final
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equality holds since we identify TIGL(V ) with TIL(V ). Define J : L(V )→ gl(V )

by (J (A))f = d
dt

∣∣
0
f(I + tA), where f ∈ FIGL(V ). Then gl(V ) is a Lie algebra.

Also, L(V ) is a Lie algebra where [A,B] = AB −BA.

Theorem 3.12. Define J : L(V ) → gl(V ) by (J (A))f = d
dt

∣∣
0
f(I + tA). J is

a Lie algebra isomorphism (i.e., linear, bijective and [J (A),J (B)] = J ([A,B]);
note [J (A),J (B)] ∈ gl(V ) and [A,B] ∈ L(V )).

Proof. [J (A),J (B)] = [J̃ (A), J̃ (B)]e=I . Chart on L(V ). Chart on L(V ). Fix
a basis E = {e1, . . . , ed} for V . If A ∈ L(V ), write a matrix of A w.r.t. basis E,a11 . . . a1d

...
. . .

...
ad1 . . . add

. Define yijE : L(V ) → R the (i, j)-matrix element of A. Chart

(L(V ), yE) with yE =
(
y11
E , . . . , y

dd
E

)
: L(V ) → Rd2 . Let A,B ∈ L(V ). Then

[J (A),J (B)] = J [A,B] iff(
[J̃ (A), J̃ (B)]

(
yijE

))
(I) = [J (A),J (B)]

(
yijE

)
= (J [A,B])

(
yijE

)
for each i, j ∈ {1, . . . , d}. Let i, j ∈ {1, . . . , d}. Let f be a smooth function on
L(V ). Let C ∈ GL(V ). Then(
J̃ (A)f

)
(C) = J (A)(f ◦ LC) =

d

dt

∣∣∣∣
t=0

(f ◦ LC)(I + tA) =
d

dt

∣∣∣∣
t=0

f(C(I + tA)).

Therefore, (
J̃ (A)J̃ (B)f

)
(C) =

d

dt

∣∣∣∣
t=0

(
J̃ (B)f

)
(C(I + tA))

=
d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

f(C(I + tA)(I + sB)).

So, (
J̃ (A)J̃ (B)yijE

)
(I) =

d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

yijE ((I + tA)(I + sB)) = yijE (AB).

Hence,

[J (A),J (B)]
(
yijE

)
=
([

J̃ (A), J̃ (B)
] (
yijE

))
(I)

= yijE ([A,B])

=
d

dt

∣∣∣∣
0

yijE (I + t[A,B])

= J ([A,B])
(
yijE

)
.

�

Let G and H be Ck-Lie groups. Then Φ : G→ H is a Lie group homomorphism,
if Φ is a Ck-map and a group homomorphism.

Hence, Φ(e) = e (group HM). Old: Φ∗e :

=g︷︸︸︷
TeG→

=h︷︸︸︷
TeH is a linear map.

Note. Lie groups to Lie algebras results typically easy. Conversely, Lie algebras to
Lie groups results a bit of work, and requires connectedness.

Theorem 3.13. Φ∗e is a Lie algebra homomorphism.
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Proof. Let X,Y ∈ g. Want to show [Φ∗e(X),Φ∗e(Y )] = Φ∗e[X,Y ]. Consider((
Φ̃∗e(X)f

)
◦ Φ
)

(g), f is a smooth function on H, g ∈ G. Observe((
Φ̃∗e(X)f

)
◦ Φ
)

(g) =
(

Φ̃∗e(X)f
)

(Φ(g))

= Φ∗e(X)
(
f ◦ LΦ(g)

)
= X

(
f ◦ LΦ(g) ◦ Φ

)
= X((f ◦ Φ) ◦ Lg)

=
(
X̃(f ◦ Φ)

)
(g).

For LΦ(g) ◦ Φ = Φ ◦ Lg, since(
LΦ(g) ◦ Φ

)
(g′) = LΦ(g)Φ(g′) = Φ(g)Φ(g′) = Φ(gg′) = (Φ ◦ Lg)(g′).

So,
(

Φ̃∗e(X)f
)
◦ Φ = X̃(f ◦ Φ). Hence,

[X,Y ](f ◦ Φ) = [Φ∗e(X),Φ∗e(Y )](f) =
(

[Φ̃∗e(X), Φ̃∗e(Y )]f
)
◦

e︷︸︸︷
Φ(e) = Φ∗e[X,Y ](f).

�

Lemma 3.14. Let X,Y ∈ TeG. Let XR and Y R be the unique right invariant

vector fields on G such that XR
e = X and Y Re = Y . Then [X̃, Ỹ ]e = −[Xr, Y R]e.

4. Exponential map

X̃g = (Lg)∗e(X). eA ∈ G, A matrix element. etAesA = e(t+s)A. γ : R → G by

t 7→ etA homomorphism. γ̇(0) = A, eA = γ(1) derivative.

Lemma 4.1. Let δ > 0 and ϕ : (−2δ, 2δ)→ G be a function, such that ϕ(s)ϕ(t) =
ϕ(s+ t) for all s, t ∈ (−δ, δ). Then there exists a unique homomorphism γ : R→ G
such that ϕ(s) = γ(s) for all s ∈ (−2δ, 2δ). Furthermore, if ϕ is continuous (Ck-
map), then γ is continuous (Ck-map).

Proof. If γ exists, γ(t) =
(
γ
(
t
n

))n
for each n ∈ N. So restrict to (−δ, δ) to get

γ(t) =
(
ϕ
(
t
n

))n
. Let t ∈ R, n,m ∈ N. Suppose t

n ∈ (−δ, δ) and t
m ∈ (−δ, δ). Then(

ϕ

(
t

n

))n
=

((
ϕ

(
t

nm

))m)n
=

((
ϕ

(
t

nm

))n)m
=

(
ϕ

(
t

m

))m
.

Define γ : R→ G by γ(t) = ϕ
(
t
n

)n
if n large enough. �

Lemma 4.2. There exists open U ′ ⊂ G with e ∈ U and ε > 0 and Ck-function
Φ : (−ε, ε)×U ′ → G such that Φ(0, g) = g for all g ∈ U ′ and, for all g ∈ U ′, if one

writes α(t) = Φ(t, g) (where α : (−ε, ε) → G) then α̇(t) = X̃α(t) for all t ∈ (−ε, ε).
This is for existence.

Moreover, let g ∈ U ′, ε′ ∈ (0, ε) and β : (−ε′, ε′) → G a Ck-function such

that β(0) = g and also β̇(t) = X̃β(t) for all t ∈ (−ε′, ε′) then β(t) = α(t) for all
t ∈ (−ε′, ε′). This is for uniqueness.

Theorem 4.3. Let X ∈ g. Then there exists a unique Lie algebra homomorphism

γ : R→ G, such that γ̇(0) = X. Also: γ̇(t) = X̃γ(t) for all t ∈ R.

Proof. Suppose γ : R → G is a Lie group homomorphism such that γ̇(0) = X.
Then γ(s+ t) = γ(s)γ(t) for all s, t ∈ R. Let s ∈ R fixed. Let f smooth function.
Then

γ̇(s)f =
d

dt

∣∣∣∣
t=0

f(γ(s+ t)) =
d

dt

∣∣∣∣
t=0

f(γ(s)γ(t)) =
d

dt

∣∣∣∣
t=0

(
f ◦ Lγ(s)

)
(γ(t)) = γ̇(0)

(
f ◦ Lγ(s)

)
.
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So,

γ̇(s)f = X
(
f ◦ Lγ(s)

)
=
((
Lγ(s)

)
∗e(X)

)
(f) = X̃γ(s)(f).

Hence, γ̇(s) = X̃γ(s) for each s in R.

Let (U, x) be a chart with e ∈ U . For |t| small, γ̇(t) = X̃γ(t) if and only if

γ̇(t)(πi ◦ x) = X̃γ(1)(πi ◦ x) for each i ≤ d and |t| small (recall v =
∑
v(πi ◦ x) ∂

∂xi ).
But this happens if and only if

d

dt
πi ◦ (x ◦ γ)(t) =

(
X̃(πi ◦ x)

)
(γ(t)) =

((
X̃(πi ◦ x)

)
x−1

)
(x ◦ γ)(t).

Let Fi =
(
X̃(πi ◦ x)

)
x−1, where Fi : x(U) → R. Also let F : x(U) → Rd, and

F = (F1, . . . , Fd). Then we want F : d
dt (x ◦ γ)(t) = F ((x ◦ γ)(t)) for all |t| small.

F is smooth Ck defined on x(U) open nhood of 0 in Rd.
Define γ : (−ε, ε) → G, ϕ(t) = Φ(t, e). Then ϕ is continuous, so there is a

δ > 0 such that ϕ(t) ∈ U ′ for all t ∈ (−2δ, 2δ), where 2δ < ε. Let s ∈ (−δ, δ).
Want ϕ(s)ϕ(t) = ϕ(s+ t). Define h1, h2 : (−δ, δ) → G by h1(t) = ϕ(s+ t) and
h2(t) = ϕ(s)ϕ(t). h1(0) = ϕ(s) = ϕ(s) · e = h2(0). Let t ∈ (−δ, δ). Then

ḣ1(t) = ϕ̇(s+ t) = X̃ϕ(s+t) = X̃h1(t). ḣ2(t) = . . . = X̃h2
(t). By uniqueness, we

get h1(t) = Φ(t, ϕ(s)) = h2(t) for each t ∈ (−δ, δ). So ϕ(s+ t) = ϕ(s)ϕ(t) for all
s, t ∈ (−δ, δ).

By Lemma 4.1, there exists Lie group homomorphism γ : R → G such that
γ(t) = ϕ(t) for all t ∈ (−δ, δ). Then γ̇(0) = ϕ̇(0) = X, yielding existence.

Let γ̃ : R→ G be a Lie group homomorphism with ˙̂γ(0) = X. Then ˙̃γ(t) = X̃γ̃(t)

for all t ∈ R, in particular for small |t| < ε. Also, γ̃(0) = e. Uniqueness: γ̃(t) =
ϕ(t) = γ(t) for all |t| < δ. By Lemma 4.1, γ̃(t) = γ(t) for all t ∈ R. �

Define exp : g → G by expX = γ(1), where γ : R → G is the unique Lie group
homomorphism, such that γ̇(0) = X. Theory of ordinary differential equations:
there is an open set V ⊂ g with 0 ∈ V such that exp |V : V → G is a Ck-map.

We now recall some definitions:
(
X̃f
)

(g) = X(f ◦ Lg), and for each X ∈ g there

exists a unique Lie group homomorphism γX : R → G, γ̇X(0) = X. There exists
open nhood V ⊆ g of 0 and δ > 0 such that the map V × B(0, δ) → G defined

(x, t) 7→ γX(t) is a Ck-map. Also, γ̇X(t) = X̃γX(t) for each t ∈ R, exp (X) = γX(1)
where exp : g→ G.

Example 4.4. G = T torus, i.e., unit circle in complex plane. Then 1 is the
identity; U =

{
eiθ
∣∣ θ ∈ (−π, π)

}
, x : U → (−π, π) ⊂ R defined x

(
eiθ
)

= θ. Then

(U, x) is a smooth chart. X = ∂
∂x1

∣∣
e
∈ g, d = 1 dimension.

Let s ∈ R be fixed. We want to find/calculate exp (sX). Claim: exp (sX) =
eis ∈ G.

Proof. Define γ : R→ G, γ(t) = eist. Clearly, γ is a Cω-map. Let t1, t2 ∈ R. Then

γ(t1)γ(t2) = eist1eist2 = eis(t1+t2) = γ(t2 + t2),

so γ is a homomorphism. Hence, γ is a Lie group homomorphism.
Let f ∈ FeG. Then

γ̇(0)f =
d

dt

∣∣∣∣
t=0

f(γ(t)) =
d

dt

∣∣∣∣
t=0

f
(
eist
)

= s
d

dt′

∣∣∣∣
t′=0

f
(
eit
′
)

= s
∂

∂x1

∣∣∣∣
e

f = (sX)(f),

where t′ = st. Hence, γ̇(0) = sX. So, by definition: exp (sX) = γ(1) = eis. �

Lemma 4.5. exp (tX) = γX(t), where X ∈ g and t ∈ R arbitrary.
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Proof. Define ω : R → G by ω(s) = γ(st), s ∈ R and γ = γX . Then ω is a
homomorphism, and Ck-map, so Lie group homomorphism. Also, ω̇(0) = tγ̇(0) =
tX. So, exp (tX) = ω(1) = γ(t). �

Example 4.6. G = H, U = R, x(a, b, c) = (a, b, c) and e = (0, 0, 0), where

(a, b, c) ∗ (x, y, z) = (a+ x, b+ y, c+ z + ay).

X1 = ∂
∂x1

∣∣
e
, X2 = ∂

∂x2

∣∣
e
, and X3 = ∂

∂x3

∣∣
e
. Let λ1, λ2, λ3 ∈ R. Claim:

exp (λ1X1 + λ2X2 + λ3X3) =

(
λ1, λ2, λ3 +

1

2
λ1λ2

)
.

Proof. Define γ : R → H by γ(t) =
(
λ1t, λ2t, λ3t+ 1

2 t
2λ1λ2

)
. Clearly, γ is a Cω-

map. Let s, t ∈ R. Then

γ(t) ∗ γ(s) =

(
λ1t, λ2t, λ3t+

1

2
t2λ1λ2

)
∗
(
λ1s, λ2s, λ3s+

1

2
s2λ1λ2

)
=

(
λ1t+ λ1s, λ2t+ λ2s, λ3t+

1

2
t2λ1λ2 + λ3s+

1

2
s2λ1λ2 + λ1tλ2s

)
=

(
λ1(t+ s), λ2(t+ s), λ3(t+ s) +

1

2
λ1λ2(t+ s)

2

)
= γ(t+ s).

So, γ is a Lie group homomorphism. Let f ∈ FeH. Then

γ̇(0)f =
d

dt

∣∣∣∣
t=0

f(γ(t))

=
d

dt

∣∣∣∣
t=0

f

(
λ1t, λ2t, λ3t+

1

2
t2λ1λ2

)
= λ1(D1f)(0) + λ2(D2f)(0) + λ3(D3f)(0) + 0

= (λ1X1 + λ2X2 + λ3X3)f.

So, γ̇(0) = λ1X1 + λ2X2 + λ3X3. Hence,

exp (λ1X1 + λ2X2 + λ3X3) = γ(1) =

(
λ1, λ2, λ3 +

1

2
λ1λ2

)
.

�

Proposition 4.7. Let t ∈ R, X ∈ g, f ∈ Fexp (tX)G. Then(
X̃f
)

(exp (tX)) =
d

dt
f(exp (tX)).

Proof. Observe(
X̃f
)

(exp (tX)) = X̃γ(t)f = γ̇(t)(f) =
d

dt

∣∣∣∣
t

(f ◦ γ)(t) =
d

dt
f(exp (tX)).

So, Xf =
(
X̃f
)

(e) = d
dt

∣∣
t=0

f(exp (tX)). �

Proposition 4.8. Let X ∈ g, n ∈ N, f ∈ FgG. Then(
X̃nf

)
(g) =

dn

dtn
f(g exp (tX)).

Proof. For n = 1,(
X̃f
)

(g) = X(f ◦ Lg) =
d

dt

∣∣∣∣
t=0

(f ◦ Lg)(exp (tX)) =
d

dt

∣∣∣∣
t=0

f(g exp (tX)).
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Suppose valid for n. Then(
X̃n+1f

)
(g) =

(
X̃
(
X̃nf

))
(g)

=
d

dt

∣∣∣∣
t=0

(
X̃nf

)
(g exp (tX))

=
d

dt

∣∣∣∣
0

dn

dsn

∣∣∣∣
s=0

f

g =exp ((t+s)X)︷ ︸︸ ︷
exp (tX) exp (sX)


=

dn+1

drn+1

∣∣∣∣
r=0

f(g exp (rX)).

�

Theorem 4.9. The map exp : g→ G is a Ck-map.

Proof. Fix t = 1
2δ. Then V → G defined X 7→ γX(t) is a Ck-map. But γX(t) =

exp (tX) = exp
(

1
2δX

)
. Define W =

{
1
2δX

∣∣ X ∈ V } open in g, and 0 ∈ W . Then

W → G defined Y 7→ exp (Y ) is a Ck-map. Let X ∈ g. There is n ∈ N such

that 1
nX ∈ W . Then exp (X) =

(
exp 1

nX
)n

. Since each exp 1
nX is Ck, expX is a

Ck-map (for sufficiently large n). �

Theorem 4.10. The map exp∗0 : T0g→ TeG is bijective.

Proof. Recall J : g → T0g is bijective, where J (X)f = d
dt

∣∣
t=0

f(0 + tX). Now,
let X ∈ g and f ∈ FeG. Then

((exp∗0 ◦J )(X))(f) = g(X)(f ◦ exp)

=
d

dt

∣∣∣∣
t=0

(f ◦ exp)(tX)

=
d

dt

∣∣∣∣
t=0

f(exp (tX))

= Xf.

So, exp∗0 ◦J is the identity. Thus, exp∗0 is bijective. �

Let G be a Lie group of a Lie algebra. Then exp : g → G is a Ck-map. For all
X ∈ g, one has γ : t 7→ exp (tX) is a Lie group homomorphism such that γ̇(0) = X.
This characterises exp (X) = γ(1).

Theorem 4.11. There exists open U ⊂ G and open V ⊂ g such that 0 ∈ V , e ∈ U
and exp |V : V → U is a Ck-diffeomorphism.

Proof. Let {X1, . . . , Xd} be a Hamel basis for g. Define α : Rd → g by α(ξ1, . . . , ξd) =

ξ1X1 + . . .+ ξdXd. Then α−1 ◦ (exp |V )
−1

: U → W is a bijective Cω-map, where
W = α−1(V ). So, (U, x) is a chart on G (called a normal chart; also exponential

coordinates of the first kind), and that e ∈ U , where x = α−1 ◦ (exp |V )
−1

. �

Note. Name: log for α−1 ◦ (exp |V )
−1

.

Lemma 4.12. Let m ∈ N, g1, . . . , gm subspaces of g. Suppose that g = ⊕mi=1gi.
Define Φ : ⊕mi=1gi → G by Φ(X1, . . . , Xm) = (expX1) . . . (expXm). Then Φ is a
Ck-map, and Φ∗0 is bijective.

Proposition 4.13. Let {X1, . . . , Xd} be a basis for g Define α : Rd → G by
α(ξ1, . . . , ξd) = exp (ξ1X1) . . . exp (ξdXd). Then α is clearly Ck-map, and there
exists open U ⊂ G and open V ⊂ Rd such that e ∈ U , 0 ∈ V and α |V : V → U is a
Ck-diffeomorphism.
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Proof. α is a Ck-map and α(0) = e. By the Inverse Function theorem, the result
follows. �

Note. Name:
(
U, (α |V )

−1
)

is called exponential coordinates of the second kind.

Recall first kind: exp (ξ1X1 + . . .+ ξdXd). Second kind: exp (ξ1X1) . . . exp (ξdXd).

Proposition 4.14. Let G,H be Ck-Lie groups, with Lie algebras g and h. Let
Φ : G → H be a Lie group homomorphism. Then Φ∗e : g → h is a Lie algebra
homomorphism. Moreover,

g h

G H

Φ∗e

expG expH

Φ

is a commutative diagram, i.e., if X ∈ g, then Φ(expGX) = expH (Φ∗e(X)).

Proof. Define γ : R → H by γ(t) = Φ(expG (tX)). Then γ is a Ck-map. Also, if
t, s ∈ R, then

γ(s)γ(t) = Φ(expG (sX))Φ(expG (tX))

= Φ(expG (sX) expG (tX))

= Φ(expG ((s+ t)X))

= γ(s+ t).

So, γ is a Lie group homomorphism. Let f ∈ FeH. Then

γ̇(0)f =
d

dt

∣∣∣∣
t=0

f(γ(t)) =
d

dt

∣∣∣∣
t=0

(f ◦ Φ)(expG tX) = X(f ◦ Φ) = (Φ∗e(X))(f).

So, γ̇(0) = Φ∗e(X). Then by definition, expH (Φ∗e(X)) = Φ(expGX). �

Lemma 4.15. Let G be a Ck-Lie group. Let γ : R → G be a continuous homo-
morphism. Then γ is a Lie group homomorphism, that is, γ is a Ck-map.

Proof. There are open U ⊂ G and r > 0 such that e ∈ U and exp |B(0,r): B(0, r)→
U is a Ck-diffeomorphism. U is open, γ is continuous, so there is a δ > 0 such
that γ(t) ∈ exp

(
B
(
0, 1

2r
))

for all t ∈ [−δ, δ]. Define f : [−δ, δ] → B(0, δ) ⊂ g by
exp f(t) = γ(t). Let t ∈ R and suppose |2t| ≤ δ. Then

exp (2f(t)) = exp f(t) exp f(t) = γ(t)γ(t) = γ(2t) = exp f(2t).

So, 2f(t) = f(2t), since map is injective. Now, let t ∈ R with |4t| ≤ δ. Then

f(4t) = f(2 · 2t) = 2(f(2t)) = 4f(t),

so by induction f(2nt) = 2nf(t) if n ∈ N, t ∈ R, |2nt| ≤ δ. So, f(2−nt) = 2−nf(t)
for all n ∈ N, t ∈ R with |t| ≤ δ (since t := 2nt). Write X = f(δ) ∈ g. Then

γ
(
2−nδ

)
= exp

(
f
(
2−nδ

))
= exp

(
2−nf(δ)

)
= exp 2−nX.

So, γ(2−nδ) = exp (2−nX) for each n ∈ N. So,

γ
(
m2−nδ

)
= exp

(
m · 2−nX

)
for each n ∈ N and m ∈ Z. As the dyadic rationals are dense in R and γ is
continuous, so γ(tδ) = exp (tX) for all t ∈ R. γ(t) = exp

(
tδ−1X

)
for each t ∈ R,

where t 7→ exp
(
t
(
δ−1X

))
is a Ck-map. Thus, γ is Ck. �

Theorem 4.16. Let G and H be Lie groups. Let Φ : G → H be a continuous
homomorphism. Then Φ is a Ck-map, so it is a Lie group homomorphism.
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Proof. Let X1, . . . , Xd be a basis for g. Let α : Rd → G be defined α(ξ1, . . . , ξd) =
exp (ξ1X1) . . . exp (ξdXd), and U ⊂ G and V ⊂ Rd be open nhoods of e and 0
(respectively), where α |V : V → U is a Ck-diffeomorphism. Define β : Rd → H by
β(ξ1, . . . , ξd) = Φ(exp (ξ1X1)) . . .Φ(exp (ξdXd)). Then β is a Ck-map by the above
Lemma. For ξi 7→ Φ(exp (ξiXi)) is a continuous homomorphism, so Ck. Also,
multiplication is smooth, implying β is smooth. But also,

β(ξ1, . . . , ξd) = Φ(exp (ξ1X1)) . . .Φ(exp (ξdXd))

= Φ(exp (ξ1X1) . . . exp (ξdXd))

= pΦ ◦ α(ξ1, . . . , ξd),

since Φ is a homomorphism. So, Φ ◦ α : Rd → H is Ck, Φ ◦ α |V : V → H is Ck.

Φ |U= Φ ◦ α |V ◦(α |V )
−1

: U → H is Ck.
Now, let g0 ∈ G. Wish: Φ is Ck on open nhood of g0. Let g ∈ g0U =

{g0u | u ∈ U} (where g0U is open, contains g0). On the other hand, if g = g0u
where u ∈ U , then u = g−1

0 g implying

Φ(g) = Φ(g0)Φ(u) = Φ(g0)Φ
(
g−1

0 g
)

=
(
L

(H)
Φ(g0) ◦ Φ ◦

(
L

(G)

g−1
0

))
(g).

�

Corollary 4.17. Let G be an abstract group, together with topology. Let A1 and
A2 be two Ck-structures on G such that (G,A1) and (G,A2) are Lie groups. Then
A1 = A2.

Proof. Consider identity map id : (G,A1) → (G,A2), which is clearly continuous
homeomorphism and hence Ck. So, A2 ⊆ A1. Similarly, A1 ⊆ A2, and A1 =
A2. �

Note. R with usual topology is a Lie group, and R with discrete topology is a Lie
group. As they have different Ck-structures, this shows G must have same topology
for this result to hold.

Example 4.18. Let V be a finite dimensional vector space with dim (V ) = d ∈ N.
Let G = GL(V ) ⊂ L(V ) (vector space). Also, g = gl(V ) = TIGL(V ) = TIL(V ),

where L(V )
J→ TIL(V ). Recall

(J (A))(f) =
d

dt

∣∣∣∣
0

f(I + tA),

where A ∈ L(V ) and f ∈ FIG.
Now, let A ∈ L(V ), v ∈ V , n ∈ N. Then ‖Av‖ ≤ ‖A‖‖v‖, so ‖Anv‖ ≤ ‖A‖n‖v‖.

Hence,
∞∑
n=0

‖Anv‖
n!

≤
∞∑
n=0

‖A‖n

n!
‖v‖ = e‖A‖‖v‖.

So,
∑

1
n!A

nv is convergent in V (as it is absolutely convergent). Write eAv =∑∞
n=0

1
n!A

nv. The map eA is linear.
∥∥eA∥∥ ≤ e‖A‖. If t, s ∈ R, then etA ◦ esA =

e(t+s)A. So, t 7→ etA is a homomorphism from R into GL(V ). We now show it is
smooth. Fix t0 ∈ R. Then

etA = e(t−t0)Aet0A =

∞∑
n=0

1

n!
(t− t0)

n
Anet0A.

So, t 7→ etA is a Cω-map. Write γ : R → GL(V ) by γ(t) = etA. Then γ is a Lie
group homomorphism. Question: What is γ̇(0) =: X? Then γ(t) = exp (tX), for
all t ∈ R. We have X = J (A).
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Theorem 4.19. Let A ∈ L(V ). Then eA = exp (J (A)).

Proof. We claim γ̇(0) = J (A), where γ : R → GL(V ) is given by γ(t) = etA. Fix

basis {e1, . . . , ed} for V . yijE : L(V )→ R is i, j matrix element for i, j ∈ {1, . . . , d}.
It suffices to show that γ̇(0)

(
yijE

)
= (J (A))

(
yijE

)
. Now,

γ̇(0)
(
yijE

)
=

d

dt

∣∣∣∣
t=0

yijE (γ(t))

=
d

dt

∣∣∣∣
t=0

yijE

( ∞∑
n=0

1

n!
tnAn

)

=
d

dt

∣∣∣∣
t=0

∞∑
n=0

1

n!
tnyijE (An)

= yijE (A).

On the other hand,

(J (A))
(
yijE

)
=

d

dt

∣∣∣∣
0

yijE (I + tA) = yijE (A).

�

Lemma 4.20. Let G be a Ck-Lie group and X ∈ g. Let f be a Ck-function on G
such that exp (tX) ∈ D(f) for all t ∈ [0, 1]. Then for n ∈ N,

f(exp (X)) = f(e) +
(
X̃f
)

(e) +
1

2

(
X̃2f

)
(e) + . . .+

1

(n− 1)!

(
X̃n−1f

)
(e)

+

∫ 1

0

. . .

∫ 1

0

un−1
1 un−2

2 . . . un−1

(
X̃nf

)
(exp (u1 . . . unX))du1 . . . dun.

Proof. Observe∫ 1

0

(
X̃f
)

(expuX)du =

∫ 1

0

d

du
f(expuX)du = [f(expuX)]

u=1
u=0 = f(expX)− f(e),

so by simple rearrangement we get base case for n = 1. By induction: Have

shown g(expY ) = g(e) +
∫ 1

0

(
Ỹ g
)

exp (uY )du. Let n ∈ N. Choose g = X̃nf ,

Y = u1 . . . unX. Then(
X̃nf

)
exp (u1 . . . unX) =

(
X̃nf

)
(e)+

∫ 1

0

u1 . . . un

(
X̃X̃nf

)
exp (un+1u1 . . . unX)dun+1,

and result follows by computation. �

Lemma 4.21. Let X,Y ∈ g and f ∈ FeG. Then the second order Taylor poly-
nomial of (s, t) 7→ f(exp tX exp sY exp (−tX)) and (t, s) 7→ f(exp (sY + st[X,Y ]))
about (0, 0) are equal.

Proof. Let Z ∈ g. Let n,m, ` ∈ N0. Then(
X̃nỸ mZ̃`f

)
(e) =

dn

dtn

∣∣∣∣
t=0

(
Ỹ mZ̃`f

)
(exp tX)

=
dn

dtn

∣∣∣∣
t=0

dm

dsm

∣∣∣∣
m=0

d`

du`

∣∣∣∣
u=0

f(exp tX exp sY expuZ).

LetN ∈ N. Then theN -th Taylor polynomial about (0, 0, 0) of (t, s, u) 7→ f(exp tX exp sY expuZ)
is ∑

n,m,`∈N0:n+m+`≤N

1

n!m!`!
tnsmu`

(
X̃nỸ mZ̃`f

)
(e).
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Take N = 2, and u = −t, and Z = X. Then the second order Taylor polynomial
of (t, s) 7→ f(exp tX exp sY exp (−tX)) is∑

n,m,`∈N0:n+m+`≤2

1

n!m!`!
tnsm(−t)`

(
X̃nỸ mX̃`f

)
(e)

which is equal to

f(e) + t
(
X̃f
)

(e) + s
(
Ỹ f
)

(e)− t
(
X̃f
)

(e)

+
1

2
t2
(
X̃2f

)
(e) +

1

2
s2
(
Ỹ 2f

)
(e) +

1

2
t2
(
X̃2f

)
(e)

+ ts
(
X̃Ỹ f

)
(e)− t2

(
X̃2f

)
(e)− st

(
Ỹ X̃f

)
(e)

= f(e) + s
(
Ỹ f
)

(e) +
1

2
s2
(
Ỹ 2f

)
(e) + ts

(
[X̃, Ỹ ]f

)
(e).

But also,

f(exp (sY + st[X,Y ])) = f(e) +
((
sỸ + st[X̃, Ỹ ]

)
f
)

(e)

+
1

2

((
sỸ + st[X̃, Ỹ ]

)2

f

)
(e)

+ higher order terms

= f(e) + s
(
Ỹ f
)

(e) + st
(

[X̃, Ỹ ]f
)

(e) +
1

2
s2
(
Ỹ 2f

)
(e) + h.o.t.

�

5. The adjoint map

Let g ∈ G. Define γg : G → G by γg(h) = ghg−1 (that is, conjugation). Then
γg is a Lie group homomorphism. Define Ad(g) = (γg)∗e (not to be confused with
(ad(X))(Y ) = [X,Y ]).

g g

G G

Ad(g)

exp exp

γg

Let X ∈ g. Then exp (Ad(g)X) = γg(expX) = g(expX)g−1.
Let V be a finite dimensional vector space dimV ∈ N. G = GL(V ). g = gl(V ) =

TIG ∼= TIL(V )
J← L(V ). Let A ∈ GL(V ), B ∈ L(V ). Then J (B) ∈ gl(V ).

Theorem 5.1. Then Ad(A)J (B) = J
(
ABA−1

)
.

Proof. If X,Y ∈ g, then X = Y iff for each t ∈ R, exp tX = exp tY (useful!). Let
t ∈ R. Then

exp (tAd(A)J (B)) = A(exp tJ (B))A−1

= A(exp J (tB))A−1

= AetBA−1

=

∞∑
n=0

tn

n!
ABnA−1 =

∞∑
n=0

tn

n!

(
ABA−1

)n
= etABA

−1

= exp
(
tJ

(
ABA−1

))
.

�
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Now, γg1 ◦ γg2 = γg1g2 . So, (γg1)∗e ◦ (γg2)∗e = (γg1g2)∗e. Ad(g1) ◦ Ad(g2) =
Ad(g1g2). What about Ad(e)? Well, γe is the identity map. So, (γe)∗e = Ig, i.e.,

identity map on the Lie algebra. So, Ad(g) ◦ Ad
(
g−1

)
= Ad(e) = Ig. Thus, Ad(g)

is invertible for all g ∈ G.
Let g ∈ G. Then Ad(g) : g → g is linear (also invertible). So, Ad(g) ∈ GL(g).

Also, g 7→ Ad(g) from G → GL(g) is a homomorphism. Note (g, h) 7→ γg(h) =
ghg−1 from G × G → G is a Ck-map. With exercise (assignment 1 question 2),
g 7→ Ad(g) is a Ck-map. So, G → GL(g) defined g 7→ Ad(g) is a Lie group
homomorphism (note Ad is called the Adjoint map/adjoint representation).

G GL(g)

g gl(g)

L(g)

Ad

expG expGL(g)

Ad∗e

J
ad

Theorem 5.2. Let X ∈ g, B ∈ L(g), and suppose J (B) = Ad∗eX. Then B =
adX.

Proof. Let Y ∈ g. Let f ∈ FeG. Let s, t ∈ R (small). Consider

f(exp tX expG sY exp (−tX)) = f(expG (s(Ad(exp tX))Y )).

So,

d

ds

∣∣∣∣
s=0

f(exp tX expG sY exp (−tX)) = ((Ad(expG (tX)))Y )f

=
((

expGL(g) t(Ad∗e(X))
)
Y
)
f

= F
(

expGL(g) (tAd∗e(X))
)
,

where F (A) = (A(Y ))f (A ∈ GL(g)). So,

d

dt

∣∣∣∣
t=0

F
(

expGL(g) (tAd∗eX)
)

= Ad∗e(X)F = (J (B))F

=
d

du

∣∣∣∣
u=0

F (I + uB)

=
d

du

∣∣∣∣
u=0

((I + uB)(Y ))f = (B(Y ))f.

Hence,

d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

f(exp tX exp sY exp (−tX)) =
d

dt

∣∣∣∣
t=0

d

ds

∣∣∣∣
s=0

f(exp (s(Y + t[X,Y ])))

=
d

dt

∣∣∣∣
t=0

(Y + t[X,Y ])f = [X,Y ]f.

Thus, (B(Y ))f = [X,Y ]f . So, B(Y ) = [X,Y ] = (adX)(Y ). Hence, B = adX. �

Corollary 5.3. Let X,Y ∈ g. Then Ad(expX) = eadX and expX expY exp−X =
exp

(
eadXY

)
.
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Proof. Observe

Ad(expX) = exp Ad∗e(X) = exp (J (adX)) = eadX

and

expX expY exp−X = expX expY (expX)
−1

= exp (Ad(expX)Y ) = exp
(
eadXY

)
.

�

Let G be a Ck-Lie group (k ∈ {∞, ω}), exp : g → G. Exists open nhood V ∈ g
of 0 (identity of Lie algebra) and open nhood U ⊂ G of 0 (identity of group), such
that exp |V : V → U is a Ck-diffeomorphism. Choose norm ‖·‖ on g (it is finite
dimensional vector space, so for example could take the Euclidean norm as they
are equivalent). Let X,Y ∈ g. Then expX expY ∈ G. If ‖X‖ an ‖Y ‖ are both
small enough, then (expX)(expY ) ∈ U . Write (expX)(expY ) = exp (M(X,Y )).
Clearly, if δ > 0 is small enough, then (X,Y ) 7→M(X,Y ) from B(0, δ)×B(0, δ)→
V ⊂ g is a C∞-map.

Theorem 5.4. This map is Cω, even in a C∞-lie group.

Proof. In a matrix group, eAeB = eC . What is C as function of A and B (where
A,B close to zero)? Well, C = C1 + C2 + . . ., and

eAeB =

(
I +A+

1

2
A2 + . . .

)(
I +B +

1

2
B2 + . . .

)
which is equal to

I +A+B +
1

2
A2 +AB +

1

2
B2 + . . . .

As eC = I+C+ 1
2C

2 +. . . = eAeB , and eC = I+C1 +C2 +. . .+ 1
2 (C1 + C2 + . . .)

2
+

. . ., we take C1 = A + B, C2 = 1
2A

2 + AB + 1
2B

2 = C2 + 1
2C

2
1 . So, C2 =

1
2A

2 +AB + 1
2B

2 − 1
2C

2
1 . Therefore, get

1

2
A2 +AB +

1

2
B2 − 1

2
A2 − 1

2
AB − 1

2
BA− 1

2
B2 =

1

2
AB − 1

2
BA =

1

2
[A,B].

�

Theorem 5.5. (Cambell-Baker-Hausdorff formula). M(X,Y ) can be expressed as
the sum of X + Y , and a power series in higher orders (e.g., [X, [X,Y ]]) commu-
tators of X and Y . If δ > 0 is small enough and ‖X‖ < δ and ‖Y ‖ < δ, then the
power series converges absolutely. M(X,Y ) = X + Y + 1

2 [X,Y ] + h.o.t..

expX expY = expM(X,Y ). Since M is real analytic, even in C∞-Lie group, it
is Cω.

Theorem 5.6. Let (G,A ) be a C∞-Lie group. Then there exists a Cω-atlas B on
G such that B ⊂ A and also (G,G ,B) is a Cω-Lie group.

Note. The following on R {
e−

1
x if x > 0;

0 if x ≤ 0;

is a chart not real analytic.

Proposition 5.7. Let X,Y ∈ g. Then exp[X,Y ] = limn→∞
(
exp 1

nX exp 1
nY exp− 1

nX exp− 1
nY
)n2

in G.
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Proof. Let t ∈ R small. Then

exp tX exp tY = exp

(
tX + tY +

1

2
t2[X,Y ] +O

(
t3
))

and

exp−tX exp−tY = exp

(
−tX − tY +

1

2
t2[X,Y ] +O

(
t3
))
.

Hence, (exp tX exp tY )(exp−tX exp−tY ) is equal to(
exp

(
tX + tY +

1

2
t2[X,Y ] +O

(
t3
)))(

exp

(
−tX − tY +

1

2
t2[X,Y ] +O

(
t3
)))

= exp

((
tX + tY +

1

2
t2[X,Y ]

)
+

(
−tX − tY +

1

2
t2[X,Y ]

)
+

1

2
[. . . , . . .] +O

(
t3
))

= exp

(
t2[X,Y ]− t2

2
[X + Y,X + Y ] +O

(
t3
))

= exp
(
t2[X,Y ] +O

(
t3
))

= exp
(
t2[X,Y ] + t3F (t,X, Y )

)
,

where

[. . . , . . .] = [t(X + Y ) +
1

2
t2[X,Y ] +O

(
t3
)
,−t(X + Y ) +

1

2
t2[X,Y ] +O

(
t3
)
].

Let n ∈ N. Then(
exp

1

n
X exp

1

n
Y exp− 1

n
X exp− 1

n
Y

)n2

=

(
exp

(
1

n2
[X,Y ] +

1

n3
F

(
1

n
,X, Y

)))n2

= exp

(
[X,Y ] +

1

n
F

(
1

n
,X, Y

))
.

Taking limits on both sides, yields the desired result. �

6. Lie subgroups

Let G be a Cω-Lie group. Then a Lie group H is called a Lie subgroup of G if

(1) algebraically, H is a subgroup of G;
(2) H is a Lie group with its own topology and manifold structure;
(3) the inclusion map ι : H → G is continuous.

Lemma 6.1. The inclusion map ι : H → G is a Lie group homomorphism (so it
is a Cω-map). Furthermore, ι∗e : h→ g is injective.

Proof. Since H ≤ G, and ι is continuous, ι is a Lie group homomorphism. Now,
let Y ∈ h, and suppose ι∗e(Y ) = 0 ∈ g.

h g

H G

ι∗e

expH expG

ι

Let t ∈ R. Then

ι(expH tY ) = expG (ι∗e(tY )) = expG 0 = e.

Hence, expH tY = e = exp t · 0 for each t ∈ R. Hence, Y = 0 (kernel is trivial).
Thus, ι∗e is injective. �

Let (V, [·, ·]) be a Lie algebra. Let W ⊂ V be a set. Then W is called a subalgebra
of (V, [·, ·]) if W is a linear subspace of V , and for all X,Y ∈W one has [X,Y ] ∈W .

Corollary 6.2. ι∗e(h) is a subalgebra of g.
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Note. In literature: h is identified with ι∗e(h) ∈ g. Also, the circle group is compact.

Proof. [ι∗e(Y1), ι∗e(Y2)] = ι∗e([Y1, Y2]). �

Lemma 6.3. Let H be a Lie subgroup of G, and γ : R → H be defined γ(t) =
expG (t,X). Then

ι∗e(h) = {X ∈ g | expG (tX) ∈ H for all t ∈ R, and the map γ is continuous}.

Proof. Let Y ∈ h. Then expG (tι∗e(Y )) = ι(expH tY ) = expH tY ∈ H for all t ∈ R.
Simply set X = ι∗e(Y ) for ⊂.

For the other inclusion, ⊃, let X ∈ g. Suppose expG (tX) ∈ H for all t ∈ R and
γ : t 7→ expG tX is continuous from R into H. Then γ is a Lie group homomorphism
on H. Let Y = γ̇(0) ∈ h. Also, for all t ∈ R,

γ(t) = expH tY = ι(expH tY ) = expG tι∗e(Y ).

But also, γ(t) = expG tX. Hence, X = ι∗e(Y ) ∈ ι∗e(h). �

It continuity of γ necessary? Well, removing it completely with no extra as-
sumptions, yes (we now provide an example). It is worth noting, continuity can
be replaced by H being connected/path-connected. Take G = R2 and Rd group R
with the discrete topology (otherwise use Euclidean). Then Rd ×R is a Lie group,
H = Rd × R. Observe Rd × R is a Lie subgroup of R2. But Rd × R has dimension
1 (since dimRd = 0) and R2 has dimension 2. Also, t 7→ (t, 0) from R→ Rd ×R is
not continuous. Take X = ∂

∂x1

∣∣
(0,0)

. Then (t, 0) = expR2 (tX).

Proposition 6.4. Let H be a Lie subgroup of G. Suppose H is (path) connected
in H. Then i∗e(h) = {X ∈ g | expG tX ∈ H for all t ∈ R}.

Proof. (⊂) is trivial.
(⊃). Let X ∈ g, and suppose expG tX ∈ H for all t ∈ R. If X = 0, then

X ∈ i∗(h).

h g

i∗e

expH expG

H G

U ′ U

V2 ⊆ F ⊆ V1

i−1
∗e (V0) V0

Suppose X 6= 0. There exists open V0 ⊂ g, U ⊂ G such that 0 ∈ V0 and expG |V0
:

V0 → U is a Cω-diffeomorphism. Then i−1
∗e (V0) is open in h and 0 ∈ i−1

∗e (V0). There
is an open V1 ⊂ h and open U ′ ⊂ H such that 0 ∈ V1 ⊂ i−1

∗e (V0) and expH |V1 :
V1 → U ′ is a Cω-diffeomorphism. There are open V2 ⊂ h and closed bounded
F ⊂ h such that 0 ∈ V2 ⊂ F ⊂ V1 and V2 is symmetric (i.e., Y ∈ V2 iff −Y ∈ V2).
There is a δ > 0 such that for all t ∈ [−2δ, 2δ] one has tX ∈ V0. By assignment 1
question 5, expH V2 open in H where e ∈ expH , so

⋃∞
m=1 (expH V2)

m
= H. Also,
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H =
⋃∞
m=1 (expH V2)

m ⊂
⋃∞
m=1 (expH F )

m
. For each t ∈ [−δ, δ], expG tX ∈ H.

There is an m ∈ N such that {t ∈ [−δ, δ] | expG tX ∈ (expH F )
m} is infinite. Then

there are different t1, t2, . . . ∈ [−δ, δ] such that expG tnX ∈ (expH F )
m

for all
n ∈ N. For all n ∈ N, there exists Yn1, . . . , Ynm ∈ F such that expG tnX =
expH Yn1 . . . expH Ynm. Without loss of generality, limn→∞ Ynj =: Yj exists in h
for all j ∈ {1, . . . ,m}. limn→∞ tn =: s in R. Without loss of generality, s 6= tn for
each n ∈ N. We claim

(1) limn→∞ expG tnX = expG sX in H;
(2) limn→∞ expG tnX exists in H; and
(3) limn→∞ expG tnX = expG sX in G.

We now prove claim (1), assuming claims (2) and (3). Observe

lim
n→∞

exp tnX = lim
n→∞

expH Yn1 . . . expH Ynm

= expH Y1 . . . expH Ym in H.

The inclusion map i is continuous. So,

exp sX = lim
n→∞

i(expG tnX) = i(expH Y1 . . . expH Ym) in G.

So, expG sX = i(expH Y1 . . . expH Ym) and

lim
n→∞

expH tnX = expH Y1 . . . expH Ym = expG sX.

Hence, limn→∞ (expG tnX)(expG sX)
−1

= e inH, and this is equal to limn→∞ expG

∈H︷ ︸︸ ︷
(tn − s)X.

So there are n ∈ N and Y ∈ V1 such that expG

∈V0︷ ︸︸ ︷
(tn − s)X = expH Y (and tn − s ∈

[−2δ, 2δ]). Also,

expH Y = i(expH Y ) = expG

∈V0︷ ︸︸ ︷
(i∗e(Y )) .

So, (tn − s)X = i∗e(Y ), since diffeo/bijection on V0, so X = 1
tn−s i∗e(Y ) ∈ i∗e(h).

�

Theorem 6.5. If Ω is a small enough open nhood of 0 ∈ g, then there is a real
analytic M : Ω × Ω → g such that expX expY = expM(X,Y ) for all X,Y ∈ Ω
and M(X,Y ) = X + Y +

∑
cN (X,Y ) converges absolutely (where cN (X,Y ) are

sums of commutators of order N).

Theorem 6.6. Let G be a Lie group with Lie algebra g. Let h be a subalgebra
of g. Then there exists a unique path connected Lie subgroup H of G such that
i∗e(h) = h, where i : H → G is the inclusion map and h is the Lie algebra of H.

Proof. We provide a sketch proof. Uses the Campbell-Baker-Hausdorff formula.
Recall expX expY = expM(X,Y ), where M(X,Y ) = X + Y +

∑
cN ∈ h. Also,

〈{expX | X ∈ h}〉. If X,Y ∈ h∩Ω with M(X,Y ) ∈ h. Charts close to the identity.
�

Theorem 6.7. There is a unique Lie subgroup Ĥ of G such that i∗e(h) = h, where

i : Ĥ → G inclusion map and h is the Lie algebra of Ĥ.

Theorem 6.8. Let G be a Lie group and H ≤ G be closed in G. Then there exists
a Cω-structure on H such that H is a Lie subgroup of G.

Proof. Define h := {X ∈ g | expG tX ∈ H for all t ∈ R}. Clearly, h closed under
scalar multiplication. Next, let X,Y ∈ h. Let n ∈ N. Then

lim
n→∞

(
exp

1

n
X exp

1

n
Y exp− 1

n
X exp− 1

n
Y

)n2

∈ H,
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since H is closed (limit exists since we showed it equals exp[X,Y ]). So,

lim
n→∞

(
exp

1

n
tX exp

1

n
Y exp− 1

n
tX exp− 1

n
Y

)n2

∈ H,

where limit is exp t[X,Y ] for all t ∈ R, so [X,Y ] ∈ h. Also, X + Y ∈ h. So, h is a
subalgebra of g.

There is a vector subspace m such that g = h ⊕ m. Define Φ : h ⊕ m → G by
Φ(X,Y ) = expX expY .

h g

i

i∗e

expH Φ

Ĥ G

H

i−1
∗e (V ) h

There are open convex V ⊂ h and open W ⊂ m and open U ⊂ G such that
0 ∈ V , 0 ∈ W , e ∈ U and Φ |V×W : V ×W → U is a Cω-diffeomorphism. Without
loss of generality, if V small enough, expĤ |i−1

∗e (V ): i
−1
∗e (V )→ expĤ

((
i−1
∗e (V )

))
is a

Cω-diffeomorphism. Let V ′ ⊂ h open, with 0 ∈ V ′ ⊂ V .
Claim: there exists a δ > 0 such thatH∩U ′ = expG V

′ where U ′ = Φ(V ′ ×Bδ(0))
where Bδ(0) ⊂ m. Proof of claim: (⊃) is trivial. (⊂) Suppose not. Then for all
n ∈ N, there exists Xn ∈ V ′, Yn ∈ m such that Φ(Xn, Yn) ∈ H, ‖Yn‖ < 1

n and

Φ(Xn, Yn) /∈ V ′. So, Yn 6= 0. Define Zn = 1
‖Yn‖Yn ∈ m, ‖Zn‖ = 1. Without loss

of generality, (Zn) is convergent. There exists Z ∈ m such that Zn → Z. Write
λn = 1

‖Yn‖ . Let t ∈ R. Then

t− ‖Yn‖ =
tλn − 1

λn
≤ btλnc

λn
≤ tλn

λn
= t,

so by Squeeze theorem, limn→∞
btλnc
λn

= t. Also, (expXn expYn) ∈ H, so (expYn) =

(exp−Xn)(expXn expYn) ∈ H. Then

exp
btλnc
λn

Zn = exp (btλncYn) = (expYn)
btλnc ∈ H.

Converges to exp tZ, so exp tZ ∈ H for all t ∈ R. So Z ∈ h, ‖Z‖ = 1, Z ∈ h ∩m =
{0}, which proves the claim.

Define H0 as the path connected component of e in H. Claim: H0 = Ĥ as
sets. Proof of claim: Consider expG V = i(expG V ) = i

(
expĤ

(
i−1
∗e (V )

))
is open

in Ĥ, and contains e. Ĥ is path connected (assignment 1). So Ĥ is generated by
expG V as group. expG V is path connected, since V is convex. expG V ⊂ H, so
expG V ⊂ H0. Choose V ′ = V . First claim: there exists open U ′ ⊂ G, e ∈ U ′,
expG V = H ∩ U ′, so expG V is open in H (relative topology). expG V is open in
H0 (relative topology). Hence, H0 is generated by expG V (also H0 open in H.

Conclusion: H0 = Ĥ as sets.
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Claim: The topologies on H0 and Ĥ are equal. Proof of claim: Let A ⊂ H0 = Ĥ.
Suppose A is open in H0. Then there is an open U0 ⊂ G such that A = H ∩ U0.

Then i−1(U0) is open in Ĥ, where i−1(U0) = U0 ∩ Ĥ = U0 ∩H0 = A. Suppose A

is open in Ĥ. W.l.o.g., A ⊂ expG V . Then, A = expG V
′ for some open V ′ ⊂ V .

Claim: there exists open U ′ ⊂ G such that H ∩ U ′ = expG V
′ = A. So A is open

in H. Also, A ⊂ H0, so A is open in H0.

So, H0 = Ĥ as topological spaces. So, H0 is a Lie group. Take H to be the
disjoint union translates of H0, so H is a Lie subgroup. �

Note. Also: h = {X ∈ g | expG tX ∈ H for all t ∈ R} = i∗e(h), and so it suffices for
H to be closed in G to remove condition of continuity (instead of connectedness).

Corollary 6.9. Let H be a closed Lie subgroup of a Lie group G. Then i∗e(h) =
{X ∈ g | expG tX ∈ H for all t ∈ R}.

Example 6.10. Let n ∈ N. Define O(n) =
{
U ∈Mn×n(R)

∣∣ UTU = I
}

(i.e.,
orthogonal matrices). Then O(n) is a Lie group. Note O(n) is closed in GL(Rn).
By previous theorem, O(n) is a Lie subgroup of GL(Rn).

O(n) GL(Rn)

o(n) gl(Rn)

L(Rn)

i

exp

i∗e

J

Question: What is i∗e(o(n))? J (A) ∈ i∗e(o(n))? Let A ∈ L(Rn). Then J (A) ∈
i∗e(o(n)) iff for all t ∈ R, exp tJ (A) ∈ O(n). However, etA = exp tJ (A) = I,

implying AT + A = 0. So, etA
T

= e−tA implying
(
etA
)T
etA = e−tAetA = I, so

converse holds (implying iff AT = −A).

Let g be a Lie algebra and h ⊂ g. Then h is called an ideal in g if h is a linear
subspace of g, and [X,Y ] ∈ h for all X ∈ g and Y ∈ h.

Theorem 6.11. Let H be a Lie subgroup of a Lie group G.

(1) If H is normal in G, then i∗e(h) is an ideal in g.
(2) If both H and G are path connected, and i∗e(h) is an ideal in g, then H is

normal in G.

Proof. Without loss of generality, H is path connected. Let Y ∈ h and g ∈ G.
Then g(expH Y )g−1 ∈ H, since H C G. Also,

gi(expH Y )g−1 = g(expG (i∗e(Y )))g−1 = exp (Ad(g)i∗e(Y )) ∈ H.
Let t ∈ R. Then

gi(expH tY )g−1 = g(expG t(i∗e(Y )))g−1 = exp (tAd(g)i∗e(Y )) ∈ H.
So, Ad(g)i∗e(Y ) ∈ i∗e(h), since H is path connected Lie subgroup, so i∗(h) =
{X ∈ g | expG tX ∈ H for all t ∈ R}. Let X ∈ g. Then for all t ∈ R,

etad(X)i∗e(Y ) = ead(tX)i∗e(Y ) = Ad(expG tX)i∗e(Y ) ∈ i∗e(h).

So,
[X, i∗e(Y )] = (adX)i∗e(Y ) ∈ i∗e(h),
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and therefore i∗e(h) is an ideal (proving (1)).
Let X ∈ g and Y ∈ h. Then

expGX expH Y expG−X = (expGX)

expG i∗e(Y )︷ ︸︸ ︷
i(expH Y ) (expGX)

−1

= exp

∈i∗e(h)︷ ︸︸ ︷(
eadX i∗e(Y )

)
= expG (i∗e(Z)) = i(expH Z) = expH Z ∈ H,

where Z ∈ h and write eadX i∗e(Y ) = i∗e(Z). So, expGX expH Y (expGX)
−1 ∈ H

for all X ∈ g and Y ∈ h. Fix Y ∈ h. Define G0 =
{
g ∈ G

∣∣ g(expH Y )g−1 ∈ H
}

.
Then exp g ⊂ G0. Also, G0 is a subgroup of G algebraically. G is path connected,
so G is generated by every open nhood of e. Hence, G = G0 (there exists open
nhood V ⊂ g of 0 and open nhood U ⊂ G of e and expG | V : V → U is Cω-
diffeomorphism, so U = expV ⊂ exp g). So, g expH Y g

−1 ∈ H for all Y ∈ h and
g ∈ G. Define H0 =

{
h ∈ H

∣∣ ghg−1 ∈ H for all g ∈ G
}

(the core of H in G).
Then expH h ⊂ H0. Also, H0 is a subgroup of H. H is path connected, so H is
generated by expH h. So, H = H0. Then ghg−1 ∈ H for all g ∈ G and h ∈ H
(proving (2)). �

7. Introduction to Lie algebras

7.1. Why study Lie algebras? Lie algebras arise as the tangent space of Lie
groups T1G, namely infinitesimal component of a Lie group G.

Theorem 7.1. (Lie’s Third Theorem). Every real finite dimensional Lie algebra
is isomorphic to a Lie algebra of a Lie group.

The functor G→ T1G proceeds by linearising the group structure near the unit
1 ∈ G, by differentiating along smooth curves γ : [−ε, ε]→ G, γ(0) = 1.

Conversely, we can integrate a Lie algebra to a (local) Lie group by exponentia-
tion.

The Baker-Campbell-Hausdorff formula describes the group multiplication near
1 ∈ G in terms of the Lie bracket.

In fact, exp : g → G is a local diffeomorphism of unit neighbourhoods. It does
not capture the global structure (i.e., topology) of G in general.

Since g is connected, exp (g) must be connected and cannot “see” disconnected
components (for example, the above is disconnected). exp : R → S1 is surjective,
but is not globally injective (θ 7→ e2πiθ, yet θ and θ+n where n ∈ Z mapped to same
point). However, exp is a global diffeomorphism for connected, simply connected,
nilpotent Lie groups (follows by the BCH formula).

Proposition 7.2. If G is a compact, connected, real Lie group, then the exponential
map is surjective.

Note. • One can show that exp : gln(C) → GLn(C) is also onto, while exp :

sln(C) → SLn(C) is not. For instance,

(
−1 1
0 −1

)
∈ SL2(C) does not lie

in exp (sl2(C)).
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• SU(2) (the spin group) and SO(3) have isomorphic Lie algebras, but are
not isomorphic as Lie groups (since their fundamental groups differ). For
π1(SU(2)) = {1}, while π1(SO(3)) = Z2. Issue? exp : so(3)→ SO(3) is not
a local diffeomorphism at all points (consider the antipodal map).

• If G is a connected Lie group, then a nhood of 1 ∈ G generates all of
G. Thus, every g ∈ G is a finite product of elements of the form eX ,
X ∈ T1G. Note X ∈ g ∼= T1G, G non-compact (h = eX1eX2 . . . eXn for
X1, . . . , Xn ∈ g).

1

Lie algebras have fundamental connections to finite simple groups, algebraic
groups, coxeter systems, reflection groups, and so on.

7.2. Basic Theory.

Definition 7.3. A finite-dimensional complex Lie algebra is a finite dimensional
C-vector space g with an anti-symmetric bilinear map [·, ·] : g× g→ g that satisfies
the Jacobi identity

[[X,Y ], Z] + [[Y, Z], X] + [[Z,X], Y ] = 0.

Note. The adjoint map adX = [X,−] is defined adX(Y ) = [X,Y ], and adX([Y, Z]) =
[adX(Y ), Z] + [Y, adX(Z)], which is the Jacobi identity and a form of the Leib-
niz rule. One can consider Lie algebras in infinite dimension and other fields,
but we will restrict attention to the finite dimensional complex case. An exam-
ple of infinite dimension is D : C∞

(
S1,C

)
→ C∞

(
S1,C

)
(called derivation) and

D(f · g) = (Df) · g + f · D(g) (Leibniz rule). One considers X = − id
dθ . The Lie

algebra of vector fields on S1 is an infinite dimensional Lie algebra, called the Witt
algebra. The Lie bracket is not associative, [X,Y ] = −[Y,X], non-commutative, and
non-unital (i.e., no identity). For g1, g2 near the identity, can consider g1g2g

−1
1 g−1

2

which has d
dt

(
etXetY e−tXe−tY

)∣∣
t=0

= [X,Y ]. Aside: the genus is the number of

holes (e.g., torus has g = 1).

Proposition 7.4. Suppose (g, [·, ·]) is a Lie algebra. Then anti-symmetry (i.e.,
[X,Y ] = −[Y,X] for each X,Y ∈ g) is equivalent to alternativity (i.e., [X,X] = 0
for all X ∈ g).

Note. If [X,Y ] 6= 0, then X and Y are linearly independent.

Proof. Suppose [X,Y ] = −[Y,X] for each X,Y ∈ g. Then [X,X] = −[X,X], which
clearly implies [X,X] = 0. Conversely, suppose [X,X] = 0 for each X ∈ g. Then
[X + Y,X + Y ] = 0, and so by bilinearity, it follows [X,Y ] = −[Y,X] (for each
X,Y ∈ g). �

Example 7.5. A vector space V with the zero Lie bracket [X,Y ] = 0 for all
X,Y ∈ V is an abelian Lie algebra. In particular, C is a 1-dimensional abelian Lie
algebra.
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R3,×

)
where × is the cross product is a real Lie algebra, since v × v = 0 and

using (u× v)× w = (u · w)v − (v · w)u one verifies the Jacobi identity:

(u× v)× w + (v × w)× u+ (w × u)× v
= ((u · w)v − (v · w)u) + ((v · u)w − (w · u)v) + ((w · v)u− (u · v)w) = 0.

Let (A, ·) be a complex associative algebra, namely a C-vector space with mul-
tiplication · : A×A→ A that is bilinear:

(1) a · (b+ c) = a · b+ a · c and (a+ b) · c = a · c+ b · c; and
(2) λ(a · b) = (λa) · b = a · (λb),

for each a, b, c ∈ A and λ ∈ C, and associative:

(a · b) · c = a · (b · c)

for all a, b, c ∈ A. The bracket [·, ·] : A× A → A defined [a, b] = a · b− b · a makes
(A, [·, ·]) into a Lie algebra.

Example 7.6. Main example: Let A = End(V ) be the associative algebra of linear
transformations of a C-vector space V . The corresponding Lie algebra is called the
general linear Lie algebra, denoted gl(V ).

• A choice of basis in V fixes an isomorphism V ∼= Cn, n = dim (V ). One
then usually writes End(Cn) = Mn(C) and gl(Cn) = gln(C).

• dim (gln(C)) = n2. Basis: (eij)
n
i,j=1, where (eij)k` = δikδj`.

Note that all finite dimensional complex Lie algebras are isomorphic to a subalgebra
of this.

Proposition 7.7. [eij , ek`] = δjkei` − δi`ekj, where

δij =

{
1 if i = j;

0 if i 6= j;

is the Kronecker delta matrix.

Proof. Observe

[eij , ek`] = eij · ek` − ek` · eij ,
and eij · ek` = δjkei`, since eij · ek` 6= 0 iff j = k. �

Definition 7.8. A Lie subalgebra of g is a vector subspace k of g that is closed
under the Lie bracket (i.e., [X,Y ] ∈ k for all X,Y ∈ k).

Definition 7.9. An ideal of g is a vector subspace I of g such that [I, g] ⊆ I (i.e.,
[X,Y ] ∈ I for all X ∈ g and Y ∈ I).

Note. An ideal is always a subalgebra, but converse need not be true. Since [X,Y ] =
−[Y,X], there is no need to distinguish between left and right ideals.

Example 7.10. {0} and g are ideals of g.
The center of g is an ideal of g:

Z(g) := {X ∈ g | [X,Y ] = 0 for all Y ∈ g}.

The special linear algebra

sl(V ) := {X ∈ gl(V ) | Tr(X) = 0},

where Tr(X) is the trace ofX, is an ideal of gl(V ). Fix V ∼= Cn. Then dim (sln(C)) =
n2 − 1. Basis: {

eii − ei+1,i+1, 1 ≤ i < n;

(eij)
n
i,j=1, i 6= j.
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Another example is

bn(C) = {X ∈ gln(C) | X is upper triangular (i.e., Xij = 0 for all i > j)}

and

nn(C) = {X ∈ gln(C) | X is strictly upper triangular (i.e., Xij = 0 for all i ≥ j)}.

bn(C) ⊂ gln(C) is a subalgebra, but not an ideal for n ≥ 2, since e11 ∈ bn(C),
e21 ∈ gln(C) but [e21, e11] = e21 /∈ bn(C).

Proposition 7.11. nn(C) ⊂ bn(C) is an ideal.

Proof. Clearly, it is a vector subspace. If X ∈ nn(C) and Y ∈ bn(C), then
(X · Y )ii = 0 = (Y ·X)ii for all i, so clearly closed under Lie bracket. �

Example 7.12. We determine the center of sl(2,F), where F is an arbitrary field
(which depends on the characteristic of F). Clearly, aI2 lies in the centre, for each
a ∈ F such that 2a = 0. Since the characteristic is prime or infinite, follows that if
the characteristic of F is 2, then 2a = 0 for all a ∈ F. Otherwise, if the characteristic
is not 2, then aI2 lies in the centre iff aI2 is the zero matrix. Since if X lies in
the centre we have aX12 = bX21 for all a, b ∈ F, follows that X12 = X21 = 0.
Furthermore, X11 = X22 can be easily shown, so indeed we get X is of the form
aI2.

Proposition 7.13. If F has characteristic 2, then Z(sl(2,F)) = {aI2 | a ∈ F}.
Otherwise, the centre of sl(2,F) is trivial.

Definition 7.14. A homomorphism of Lie algebras ϕ : g→ k is a linear map that
preserves the brackets:

ϕ([X,Y ]g) = [ϕ(X), ϕ(Y )]k.

Definition 7.15. Let m ⊆ gl(V ) be a matrix subalgebra. A homomorphism ϕ :
g→ m is called a representation of g.

Proposition 7.16. Tr : gln(C)→ C is a homomorphism.

Proof. Suppose X,Y ∈ gln(C). Clearly, Tr is a linear map. Furthermore, [X,Y ] =
XY − Y X has trace zero, for each X,Y ∈ gln(C). Hence, result easily follows. �

Definition 7.17. A bijective homomorphism ϕ : g→ k is an isomorphism.

Proposition 7.18. If ϕ : g→ k is a homomorphism, then ker (ϕ) ⊆ g is an ideal,
and im (ϕ) ⊆ k is a subalgebra.

Proof. ker (ϕ) ⊆ g is a subspace, and for each X ∈ ker (ϕ), Y ∈ g we have

ϕ([X,Y ]) = [

=0︷ ︸︸ ︷
ϕ(X), ϕ(Y )] = 0.

So, [X,Y ] ∈ ker (ϕ). Thus, ker (ϕ) is an ideal.
im (ϕ) ⊆ k is a subspace, and for each X,Y ∈ g,

[ϕ(X), ϕ(Y )] = ϕ([X,Y ]) ∈ im (ϕ).

Hence, im (ϕ) is a Lie subalgebra. �

Example 7.19. (Important Example). The adjoint homomorphism (representa-
tion) ad : g→ gl(g), defined X 7→ adX = [X,−]. Linearity follows by bilinearity of
the Lie bracket. Preservation of Lie brackets,

ad[X,Y ] = [adX , adY ] = adX · adY − adY · adX
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follows by the Jacobi identity:

[adX , adY ](Z) = [X, [Y,Z]]− [Y, [X,Z]]

= [[Z, Y ], X] + [[X,Z], Y ]

= −[[Y,X], Z] = ad[X,Y ](Z).

In fact, an interpretation of the Jacobi identity is that the adjoint map is a Lie
homomorphism.

Note. ker (ad) = Z(g) is an ideal, and ker (Tr : gln(C)→ C) = sln(C) is an ideal.

Definition 7.20. Let A be an F-algebra. A linear map D : A→ A is a derivation
if D(x · y) = (Dx) · y + x ·Dy, for all x, y ∈ A.

Example 7.21. (1) A = C∞(R), D = d
dx .

(2) g a Lie algebra, i.e., a non-associative C-algebra with product [·, ·]. For
every X ∈ g, adX : g→ g is a derivation. In fact, this is a re-statement of
the Jacobi identity:

adX([Y, Z]) = [adX(Y ), Z] + [Y, adX(Z)].

If Der(g) = {all derivations of g}, then we have

ad(g) ⊆ Der(g) ⊆ gl(g),

where ad(g) = {adX | X ∈ g} are called inner derivations.

Let g be a Lie algebra and let {ei}dim (g)
i=1 be a basis of g. Then

[ei, ej ] =

dim (g)∑
k=1

Cijkek.

The constants Cijk are called the structure constants of g with respect to the basis

{ei}dim (g)
i=1 . Skew-symmetry of the Lie bracket implies that Cijk = −Cjik. Also, by

the Jacobi identity,

[[ei, ej ], e`] + [[ej , e`], ei] + [[e`, ei], ej ] = 0

implies
dim (g)∑
k=1

Cijk[ek, e`] + Cj`k[ek, ei] + C`ik[ek, ej ] = 0.

Example 7.22. Let e1, e2, e3 be the standard basis for R3. The Lie algebra
(
R3,×

)
has the structure constants

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2,

and C112 = 0, C123 = 1, C231 = 1, etc, with respect to the standard basis.

Example 7.23. sl2(C) has the standard basis e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, h =(

1 0
0 −1

)
. We will compute [e, f ], [e, h], and [f, h]. All other structure constants

will follow from these. Observe

[e, f ] = [e12, e21] = e11 − e22 = h,

[e, h] = [e12, e11 − e22] = [e12, e11]− [e12, e22] = −e12 − e12 = −2e, and

[f, h] = [e21, e11 − e22] = e21 + e21 = 2f.
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One can show that two Lie algebras g1 and g2 are isomorphic iff there exists bases
B1 of g1 and B2 of g2 with respect to which the structure constants are equal.

We can write any homomorphism ϕ : g→ h as a short exact sequence (image of
one map equals the kernel of next map):

0→ ker (ϕ)
i
↪→ g

ϕ→ im (ϕ)→ 0

meaning that the inclusion map i is injective and ϕ is surjective onto its image and
im (ϕ) ⊆ k (clearly, im (ϕ) = ker (ϕ)). In particular,

0→

=ker (ad)︷︸︸︷
Z(g) ↪→ g

ad→

=im (ad)︷ ︸︸ ︷
ad(g) → 0.

A representation ϕ : g → gl(V ) is called faithful if ker (ϕ) = 0. We see that
ad : g→ gl(g) is faithful iff Z(g) = 0. This is not true for general Lie algebras, for
example, if g is abelian then g = Z(g).

A deep theorem by Ado proves that any finite dimensional Lie algebra admits a
faithful representation ϕ : g→ gl(V ). Consequently, any Lie algebra can be viewed
as a matrix Lie algebra, i.e., the Lie bracket [X,Y ] is a commutator under the
injection ϕ:

[ϕ(X), ϕ(Y )] = ϕ(X) ◦ ϕ(Y )− ϕ(Y ) ◦ ϕ(X).

We will not prove nor use Ado’s theorem.

7.3. Construction of ideals. We have seen that the kernel ker (ϕ) of a Lie ho-
momorphism ϕ : g→ k is an ideal in g.

Proposition 7.24. Given two ideals I, J ⊆ g, the following operations yield new
ideals:

(1) I ∩ J ;
(2) I + J := {X + Y | X ∈ I, Y ∈ J}; and
(3) [I, J ] := span{[X,Y ] | X ∈ I, Y ∈ J}.

Proof. Suppose I is a collection of ideals in g. Then
⋂

I is a vector subspace of
g. Furthermore,

[
⋂

I , g] ⊆
⋂
I∈I

[I, g] ⊆
⋂

I ,

verifying (1).
Now, suppose I, J are ideals of g. Then I + J clearly a vector subspace. If

X+Y ∈ I+J (where X ∈ I and Y ∈ J) and Z ∈ g, then [X+Y, Z] = [X,Z]+[Y, Z],
where [X,Z] ∈ I and [Y, Z] ∈ J (implying [X + Y, Z] ∈ I + J). This verifies (2).

For (3), clearly a vector subspace. Also, if X ∈ [I, J ] and Y ∈ g, then X =∑n
i=1[Xi, Yi] for some Xi ∈ I and Yi ∈ J , so by Jacobi

[X,Y ] =

n∑
i=1

[[Xi, Yi], Y ] =

n∑
i=1

[Xi, [Yi, Y ]]− [[Y,Xi], Yi] ∈ [I, J ].

�

Note. For (3), one must take the span of the commutators of elements of I and J .
The set of commutators may not even be a vector space, and certainly not an ideal
of g.

An important special case is when I = J = g. Then the ideal g′ := [g, g] ⊆ g is
called the derived algebra of g. Note that g is abelian iff g′ = {0}.

Proposition 7.25. sl2(C)
′

= sl2(C).

Note. This fails for sl2(F) if characteristic of F is 2. For the centre is aI2 where
a ∈ F.
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Proof. Recall we computed [e, f ] = h, [e, h] = −2e and [f, h] = 2f . From this,
result easily follows. �

8. Quotient algebras

Let V be a vector space and W ⊆ V a subspace. A coset of W is a set of the
form v + W := {v + w | w ∈W}, where v ∈ V . The element v is a representative
for the coset. Two cosets v + W and v′ + W are the same iff v − v′ ∈ W . The
quotient space V/W is the set of all cosets of W . It becomes a vector space with

• 0 +W = W as the zero element;
• (v +W ) + (v′ +W ) = (v + v′) +W as addition; and
• λ(v +W ) = λv +W as scalar multiplication.

Example 8.1. For example, V = R2, W = spanR

{(
1
1

)}
. The coset space V/W =

R2/W is the vector space of all translations of the line W . Any line through the
origin that is transverse to the line W picks out a set of representations for R2/W ,
which gives an identification R2/W ∼= R.

Let v1, . . . , vk ∈ V be a collection of vectors such that v1 + W, . . . , vk + W is a
basis for V/W . Then v1, . . . , vk together with any basis for W forms a basis for V .
Thus, dim (V ) = dim (W ) + dim (V/W ).

We can think of the quotient space as a short exact sequence of vector spaces:

0→W ↪→ V
q→ V/W → 0.

Recall that this means that inclusion map i is injective, q is surjective and im (i) =
ker (q) (q : V → V/W defined v 7→ v + W is quotient map). A choice of basis of
V/W determines a splitting of the short exact sequence:

V ∼= W ⊕ V/W.
Let g be a Lie algebra and I ⊆ g an ideal. Define the Lie bracket

[X + I, Y + I] := [X,Y ] + I

on the quotient space g/I.

Proposition 8.2. g/I is a Lie algebra with bracket defined above.

Proof. We check [X + I, Y + I] := [X,Y ] + I is well-defined. To this end, suppose
X1 + I = X2 + I, and Y1 + I = Y2 + I. Hence, X1 −X2 ∈ I and Y1 − Y2 ∈ I, and
we have

[(X1 −X2), Y1] + [X2, (Y1 − Y2)] ∈ I,
since I is an ideal. It follows that [X1, Y1]−[X2, Y2] ∈ I, which means that [X1, Y1]+
I = [X2, Y2] + I. Bilinearity, skew-symmetry and Jacobi identity follows since the
original bracket has these properties. �

Note. g/I is a Lie algebra iff I ⊆ g is an ideal. Thus, ideals are the Lie algebraic
analogues of normal subgroups.

Theorem 8.3. (First Isomorphism Theorem). Let ϕ : g → k be a Lie homomor-
phism. Then im (ϕ) ∼= g

ker (ϕ) .

Note. Recall that we have a SES

0→ ker (ϕ) ↪→ g
ϕ→ im (ϕ)→ 0.

This theorem is simply saying that ϕ restricted to the quotient g
ι(ker (ϕ)) is injec-

tive and surjective onto its image im (ϕ) as a homomorphism of Lie algebras, so
g/ ker (ϕ) ∼= im (ϕ).
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In particular, for ϕ = ad, we have

ad(g) ∼=
g

Z(g)

called the adjoint of the Lie algebra g.
We have that the SES (i.e., ker (fi) = im (fi−1))

0
f1→ A

f2
↪→ B

f3
� C

f4→ 0

if, and only if, C ∼= B/A = B/f2(A). We ask, does B = B/A ⊕ A = C ⊕ A? In
general, no. Indeed, g 6∼= im (ϕ)⊕ ker (ϕ) in general, as Lie algebras. For example,
consider R → M → S1. We have this sequence splits (i.e., R → M � S1, which
means M = S1×R) when M ∼= S1×R (corresponding to a cylinder collapsing the
real line). The second (and only other) case is when M is homeomorphic to the
Mobius strip.

Proof. Set I = ker (ϕ) and define α : g
I → im (ϕ), α(x+ I) = ϕ(x) for all x ∈ g. It is

straightforward to check that α is well-defined, bijective and a Lie homomorphism.
�

Theorem 8.4. (Second Isomorphism Theorem). If I, J are ideals of g, then

I + J

J
∼=

I

I ∩ J
.

Proof. Define a map τ : I → I+J
J by τ(x) = x+J , for all x ∈ I. This is a surjective

Lie homomorphism with kernel

ker (τ) = {x ∈ I | x+ J = J}
= I ∩ J.

Result follows by First Isomorphism Theorem. �

Theorem 8.5. (Correspondence Theorem). Suppose I is an ideal of a Lie algebra
g. Then the ideals of g/I are all of the form J/I, where I ⊆ J and J ⊆ g is an
ideal.

Proof. Let K be an ideal of g/I. Define J = {x ∈ g | x+ I ∈ K}. Clearly, I ⊆ J ,
since 0 + I is the zero element in K ⊆ g/I, and K = J/I. Indeed, J is an ideal
of g (since it is clearly a vector subspace, and X + I ∈ K, Y + I ∈ g/I implies
[X,Y ] + I ∈ K so that [X,Y ] ∈ J). Conversely, if J is an ideal of g and I ⊆ J is
an ideal, then J/I ⊆ g/I is an ideal. �

Note. If I is an ideal of g and I ⊆ h ⊆ g, where h is a subalgebra of g, then h/I is
a subalgebra of g/I. For h/I is well-defined (since I is an ideal of h), non-empty,
and h/I ⊆ g/I. Conversely, if s is a subalgebra of g/I, then s = h/I for some
subalgebra h of g where I ⊆ h ⊆ g. One defines h = {x ∈ g | x+ I ∈ s}. Clearly,
I ⊆ h, since 0 + I ∈ s. Furthermore, h is a vector subspace of g, and is closed under
the Lie bracket. Clearly, s = h/I.

We define the outer derivations by Out(g) = Der(g)/ad(g). We will see later
that g semi-simple implies Out(g) = {0}, and g nilpotent implies Out(g) could be
non-trivial. Recall ad(g) ∼= g/Z(g). However, g 6∼= ad(g) ⊕ Z(g) in general. Note
n3(C) 6∼= ad(n3(C))⊕ Z(n3(C)), i.e., the SES

0→ Z(n3(C)) ↪→ n3(C)→ ad(n3(C))→ 0

does not split.
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9. Simple Lie algebras

Definition 9.1. A Lie algebra g is simple if it is non-abelian and {0} and g are its
only ideals.

Note. Recall the SES

0→ Z(g) ↪→ g
ad→ ad(g)→ 0.

If g is simple, then Z(g) = {0}. Hence, ad : g→ gl(g) is a faithful representation.

Proposition 9.2. Any 3-dimensional simple Lie algebra (over C) is isomorphic to
sl2(C).

Proof. Suppose g is a 3-dimensional simple Lie algebra (over C), with basisX1, X2, X3.
Since g is simple, ad(g) ∼= g. Indeed, this implies g is perfect, and that we may take
[X,Y ] = XY − Y X. May assume [X1, X2] does not lie in the span of X1, X2, so
redefine [X1, X2] = X1X2 −X2X1 =: X3. By structure constant restraint, one can
easily deduce

−C232X3 + C233[X3, X1] + C311X3 + C313[X3, X2] = 0,

implying

C311X3−C232X3+C233(C311X1 + C312X2 + C313X3)+C313(C321X1 + C322X2 + C323X3) = 0.

Hence, C311 − C232 + C233C313 + C313C323 = 0. However, C233C313 = −C313C233,
so C311 = C232. One may scale to obtain C311 = 2 = C232. So,

C233(2X1 + C312X2 + C313X3) + C313(C321X1 − 2X2 + C323X3) = 0.

That is, C313C231 = 2C233 and C233C312 = 2C313. Assuming C313 6= 0, each of these
must be non-zero, so one easily obtains C312C231 = 4. However, one easily obtains
a contradiction (deduce [X3, X1] and [X2, X3] linearly dependent). One finds the
structure constants coincide with sl2(C), so an isomorphism is evident. �

In fact, one can classify all non-abelian Lie algebras of dimension less than or
equal to 3 “by hand”. The idea is to organise the study via two ideals: the centre
Z(g) and the derived algebra g′ = [g, g].

Note in the above proposition, Z(g) = {0} and g′ = g. If one drops the “simple”
condition, then Z(g) could be non-zero and dim (g′) ≤ dim (g).

Note that abelian Lie algebras of the same dimension are all isomorphic, so there
is a unique abelian Lie algebra of dimension n.

• dim (g) = 1: Any Lie algebra is abelian, since [X,X] = 0, for all X ∈ g.
• dim (g) = 2: There is a unique abelian Lie algebra.
• dim (g): If dim (g′) = 3, then g′ = g and g must be simple. Hence, g ∼=

sl2(C) by previous proposition.

Proposition 9.3. There exists a unique non-abelian Lie algebra of dimension 2
and it has a basis X,Y ∈ g, with Lie bracket [X,Y ] = X, which determines all the
structure constants (this is in fact true over any field F).

Note. g ⊂ n2(C) (upper triangular 2× 2 matrices).

Proof. Consider
{
e,− 1

2h
}

as a basis. Observe [e,− 1
2h] = e. Indeed, this Lie

algebra is of dimension 2 with desired properties. Uniqueness is clear (just define
the obvious isomorphism). �

Definition 9.4. Direct sum of Lie algebras g and h is the vector space g⊕ h with
Lie bracket

[(X1, Y1), (X2, Y2)] := ([X1, X2]g, [Y1, Y2]h).
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Example 9.5. We will classify all the other 3-dimensional Lie algebras by consid-
ering dim (g′) = 1 and dim (g′) = 2 and two cases for each:

(1) g′ ⊆ Z(g);
(2) g′ 6⊆ Z(g).

This will yield three distinct unique Lie algebras (up to isomorphism) and one
infinite family of Lie algebras:

• dim (g′) = 1, g′ ⊆ Z(g), there exists a unique Lie algebra g ∼= n3(C) (strictly
upper triangular 3× 3 matrices) called the Heisenberg algebra.
• dim (g′) = 1, g′ ( Z(g), there exists a unique Lie algebra, g ∼= b2(C)⊕ C.
• dim (g′) = 2, g′ ( Z(g), there exists a unique Lie algebra g = spanC{X,Y, Z}

satisfying [X,Y ] = Y , [X,Z] = Y + Z, [Y,Z] = 0.
• dim (g′) = 2, g′ ⊆ Z(g): For each µ ∈ C∗ := C \ {0} there exists a basis
gµ = spanC{X,Y, Z} such that [X,Y ] = Y , [X,Z] = µZ, [Y,Z] = 0.
Moreover, gµ ∼= gµ̃ iff µ = µ̃± 1.

This approach is not feasible for higher dimensional Lie algebras. However, the
idea of using the ideal g′ = [g, g] to factorise the Lie algebras g into smaller pieces
will crucial when classifying all finite complex Lie algebras.

The other key component for the classification will be understanding represen-
tations of abelian Lie algebras and the smallest simple Lie algebra sl2(C).

In other words, we need to classify Lie homomorphisms:

• ϕ : a→ gl(V ) where a ∼= Cn is the unique abelian Lie algebra,
• ϕ : sl2(C)→ gl(V ).

10. Solvable Lie algebras

Our aim is to classify finite dimensional complex Lie algebras up to isomorphism.

• If g is Abelian, then g′ = 0 and g = Z(g) ∼= Cn.
• If g is non-Abelian, then g′ = [g, g] ⊆ g is a non-trivial ideal and we have a

SES:

0→ [g, g] ↪→ g→ g/[g, g]→ 0.

The quotient algebra g/[g, g] is the maximal abelian quotient of g, known
as the abelianisation of g.

Now, if [g, g] was always abelian, then the classification problem would reduce to
understanding all possible extensions of abelian Lie algebras (i.e., SES where [g, g]
and g/[g, g] are abelian).

However, g′ = [g, g] is not abelian in general (it is an ideal, though), which leads
us to consider the derived series of a Lie algebra.

Definition 10.1. The derived series of a Lie algebra g is a descending series of
ideals:

g ⊃ g(1) ⊃ g(2) ⊃ . . . ,
defined by g(k) := g(k−1)′ = [g(k−1), g(k−1)].

By the following proposition, it follows that g(k)/g(k+1) is abelian.

Proposition 10.2. If I ⊂ g is an ideal, then g/I is abelian iff g′ ⊆ I.

Proof. g/I is abelian iff [x + I, y + I] = I, or equivalently, [x, y] + I = I for all
x, y ∈ g. This implies that [x, y] ∈ I, for all x, y ∈ g, which means g′ ⊆ I. �

Note. This means the short exact sequences

0→ g(k) → g(k−1) → g(k−1)/g(k) → 0

have g(k−1)/g(k).
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Definition 10.3. A Lie algebra g is solvable if g(k) = 0 for some k ∈ N.

Example 10.4. Any Abelian Lie algebra is solvable, since g(1) = 0.
If dim (g) = 2, then dim g′ ≤ 1, so g(2) = 0 and g is solvable.
If dim (g) = 3 and dim (g′) ≤ 2, then by previous example, it follows g(3) = 0 so

all those Lie algebras are solvable. If dim (g′) = 3, then g = g′ and thus g(k) = g
for all k ∈ N so g is not solvable (e.g., sl2(C) is simple).

Being solvable is the complementary to being simple. The intuition is that
solvable Lie algebras are not abelian, but “approximately abelian” in the sense
that the k-th derived algebra is abelian for some k ∈ N. Alternatively, a solvable
Lie algebra is a nested series of abelian Lie algebras (extensions = SES).

On the other hand, a simple Lie algebra is “maximally non-abelian”, since g =
[g, g].

Definition 10.5. Semi-direct sum of Lie algebras g and h is the vector space g⊕sh
with Lie bracket

[(X1, Y1), (X2, Y2)] := ([X1, X2]g, [Y1, Y2]h + ϕ(Y1)(X2)− ϕ(Y2)(X1)),

where ϕ : g2 → gl(g1).

As we will see, every Lie algebra is a semi-direct sum of solvable Lie algebra with
a direct sum of finitely many simple Lie algebras (g ∼= S ⊕s gss where S solvable
and g semisimple (g1 ⊕ . . .⊕ gk, where gi simple)).

Proposition 10.6. Let g be a Lie algebra.

(1) If g is solvable, then all subalgebras of g and quotient algebras g/I are
solvable.

(2) If I is an ideal, and both I and g/I are solvable, then g is solvable.
(3) If I, J are solvable ideals of g, then I + J is solvable.

Proof. Suppose g(k) = 0. If k ⊆ g is a subalgebra, then k(k) = 0 hence solvable. If
I ⊆ g is an ideal, then

(g/I)
(m)

=
g(m) + I

I

and therefore (g/I)
(k)

= 0. To see why we have the above, observe

(g/I)
(1)

= span{[[x], [y]] | [x], [y] ∈ g/I}
= span{[[x], [y]] | x, y ∈ g}+ I

= span{[[x, y]] | x, y ∈ g}+ I

= (span{[x, y] | x, y ∈ g}+ I) + I =
g(1) + I

I
.

This proves (1).
For (2), note this is the same as the saying the SES

0→ I → g→ g/I → 0

has I, g/I solvable implies g is solvable. Now, suppose I(m) = 0 and (g/I)
(n)

= 0,
then (g

I

)(n)

=
g(n) + I

I
= 0.

So, g() ⊆ I. We have (
g(n)

)(m)

= g(n+m) ⊆ I(m) = 0,

hence g is solvable (proving (2)).
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Suppose I, J are solvable ideals. By the Second Isomorphism Theorem,

I + J

I
∼= I/I ∩ J.

By (1), I/I ∩ J is solvable, hence I+J
I is solvable. By (2), it follows that I + J is

solvable. �

Proposition 10.7. If g = g′ and dim (g) = 3, then g must be simple.

Proof. To derive a contradiction, suppose {0} 6= I ( g is an ideal. Then I has
dimension 1 or 2. But also, g/I has dimension 1 or 2. This implies I and g/I
are solvable, and so by the previous proposition (1), this implies g is solvable (a
contradiction). �

Corollary 10.8. Let g be a finite dimensional Lie algebra. Then g has a unique
maximal solvable ideal (i.e., it contains all solvable ideals of g).

Proof. Let R be a solvable ideal of g of maximal dimension. If I is any solvable
ideal, then I + R is solvable ideal. However, dim (I +R) ≤ dim (R) by the choice
of R, hence I +R = R. Thus, I ⊆ R. �

11. Semi-simple Lie algebras

Definition 11.1. The unique maximal solvable ideal of g is called the radical of
g, written rad(g).

Example 11.2. • If g is solvable, then rad(g) = g.
• If g = sl2(C), then rad(g) = 0.
• If g = gl2(C), then rad(g) = Z(g) = {λI | λ ∈ C}. For Z(g) is clearly

a solvable ideal. Furthermore, if M is the maximal solvable ideal, then
M ∩sl2(C) = {0}. For M ∩sl2(C) ⊆ sl2(C) is an ideal, and clearly must not
be equal to sl2(C) (since sl2(C) has trivial radical and is simple). Suppose
M contains a non-central element X. Then there exists Y ∈ g, such that
[X,Y ] 6= 0 (since X is not in the centre of g). As M is an ideal, [X,Y ] ∈M .
But [X,Y ] is non-zero, and also a member of sl2(C) (a contradiction), thus
establishing our claim.

Definition 11.3. A Lie algebra g is called semi-simple, if rad(g) = 0.

Proposition 11.4. Given a Lie algebra g, the following are equivalent.

(1) g is semi-simple;
(2) g does not contain any non-trivial solvable ideals;
(3) g does not contain any non-trivial abelian ideals.

Proof. ((1) =⇒ (2)). By definition.
((2) =⇒ (3)). Suppose g contains a non-trivial abelian ideal I. Then I is a

solvable ideal of g, so radical is non-trivial.
((3) =⇒ (1)). Suppose g is not semi-simple. Then g has a non-trivial unique

maximal solvable ideal I. Following the derived series by I, there exists non-trivial
ideal J such that [J, J ] = 0 (i.e., J is non-trivial abelian ideal). �

Proposition 11.5. If g is simple, then g is semi-simple.

Proof. If g is simple, then the ideal g′ = [g, g] equals either {0} or g. Since g is
non-abelian, this excludes {0}, so g = g′, and thus g is not solvable.

Similarly, the ideal rad(g) must be either {0} or g. Since g is not solvable,
rad(g) = 0. �
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Proposition 11.6. Let g be a finite dimensional Lie algebra. Then g
rad(g) is semi-

simple.

Proof. We want to prove that rad
(

g
rad(g)

)
= 0. Set R = rad(g). Let I be a solvable

ideal of g/R. Then, by the Correspondence Theorem, I = J/R for an ideal J ⊆ g
containing I. Now, since I is solvable and R is solvable, J must be solvable. Hence,
J ⊆ rad(g) by maximality of the radical, and therefore I = J/rad(g) = 0. Hence,
g/rad(g) contains no solvable ideals, so rad(g/rad(g)) = 0. �

Note. This means that there exists a SES

0→ rad(g) ↪→ g→ g

rad(g)
→ 0.

A deep theorem by Levi shows that this is a split SES. This means that g is a
semi-direct sum:

g ∼=

solvable︷ ︸︸ ︷
rad(g)⊕s

semi-simple︷ ︸︸ ︷(
g

rad(g)

)
.

We will not prove the “Levi decomposition” theorem or define semi-direct sums
in this course. It suffices to know that in order to classify finite dimensional Lie
algebras, we need to understand:

• solvable Lie algebras;
• semi-simple Lie algebras.

Remarkably, over complex numbers these are completely classified.

12. Nilpotent Lie algebras

12.1. Classification of Lie algebras. Structure of solvable Lie algebras is given
by Lie’s theorem:

Theorem 12.1. (Lie’s Theorem). Every solvable Lie algebra is (essentially; actu-
ally, its adjoint) isomorphic to a subalgebra of

bn(C) = {upper triangular matrices}

for some n.

By Cartan’s second criterion:

Theorem 12.2. Every semi-simple Lie algebra is isomorphic to a direct sum of
finitely many simple Lie algebras g1 ⊕ . . .⊕ gr.

Thus, the classification boils down to classifying simple Lie algebras. This is
achieved by using some representation theory of abelian subalgebras and of sl2(C)
to translate the problem to classifying root systems. The latter is readily doable.

Theorem 12.3. Every finite dimensional simple Lie algebra over C is isomorphic
to one of the classical Lie algebras sln(C), son(C) (often split even and odd n),
sp2n(C) or one of the exceptional types:

g2, f4, e6, e7, e8.

Note. We make note that e8 is exceptional among even the exceptional types.

Let J ∈ gln(C) and define

glJ(n,C) :=
{
x ∈ gln(C)

∣∣ xtJ = −Jx
}
.

Orthogonal Lie algebras:
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• If n = 2`, take J =

(
0 I`
I` 0

)
. Then so2`(C) = glJ(2`,C). Note J2 is

identity matrix.

• If n = 2` + 1, take J =

1 0 0
0 0 I`
0 I` 0

. Then so2`+1(C) = glJ(2`+ 1,C).

Again, J2 is identity.

Symplectic Lie algebras:

• If n = 2`, take J =

(
0 I`
−I` 0

)
. Then sp2`(C) = glJ(2`,C). Notice J2 =

−I (where I is identity).

Proposition 12.4. son(C) and sp2`(C) are Lie subalgebras of sln(C).

Proof. Suppose x, y ∈ son(C). Then we get that the trace of x must be 0. For
the trace of xtJ is equal to trace of −Jx. Also, routine to show it is a subalgebra.
Same with sp2`(C). �

12.2. Nilpotent Lie algebras. Starting with the derived algebra, one can define
a slightly larger descending series of ideals that contain the derived series.

Definition 12.5. Let g be a Lie algebra. The lower central series

g ⊃ g1 ⊃ g2 ⊃ . . . ,
is defined by g1 = [g, g], and gk = [g, gk−1].

Note. Indeed, as with group theory, one can define the upper central series.

Proposition 12.6. If g is a Lie algebra, then g(k) ⊆ gk for all k ∈ N.

Proof. Proceed inductively. Clearly, g(1) = g1. Suppose g(k) ⊆ gk. Then g(k+1) =
[g(k), g(k)] ⊆ [g, gk] = gk+1, and we are done. �

Definition 12.7. A Lie algebra g is nilpotent if gk = 0 for some k ∈ N.

Note. That the series is central means

gk

gk+1
⊆ Z

(
g

gk+1

)
.

Indeed, [
gk

gk+1
,

g

gk+1

]
=

[
gk, g

]
gk+1

= 0.

Since g(k) ⊆ gk for all k ∈ N, it follows that nilpotent Lie algebras are solvable. Con-
verse is not true, however: let g ⊂ b2(C) be the unique non-abelian 2-dimensional
Lie algebra, which is solvable. Recall that g has a basis X,Y such that [X,Y ] = X.
Thus, g1 = spanC(X), g2 = spanC(X), . . ., so gk = spanC(X) for all k ∈ N. Hence,
g = b2(C) is not nilpotent.

We will show that a Lie algebra g is solvable if, and only if, g′ = [g, g] is nilpotent.

Proposition 12.8. bn(C) is a solvable Lie algebra, and nn(C) is a nilpotent Lie
algebra. In fact, bn(C)

′
= nn(C).

Proof. Clearly, bn(C)
′ ⊆ nn(C). The reverse inclusion is by noting [e11, e1n] = e1n,

and then getting all others similarly. Now, we show nn(C) is nilpotent (which will
imply bn(C) is solvable). We observe [nn(C), nn(C)] has the diagonal above the

usual is zero, and so inductively, we get nn(C)
n−1

= 0, finishing the proof. �

Proposition 12.9. Subalgebras of nilpotent Lie algebras are nilpotent.

Proof. Suppose h is a subalgebra of a nilpotent Lie algebra g. Then gk = 0 for some
k ∈ N. Hence, hk = [h, hk−1] ⊆ [g, gk−1] = gk = 0, so clearly h is nilpotent. �
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12.3. Outline. We now provide an outline for the remainder of the notes:

(1) Characterise nilpotent Lie algebras (Engel’s Theorem);
(2) Characterise solvable Lie algebras (Lie’s theorem and Cartan’s first crite-

rion);
(3) Characterise semi-simple Lie algebras (Cartan’s second criterion).
(4) Classify simple Lie algebras.

The first three will require representation theory for the abelian Lie algebra C
and introducing the Killing form.

The fourth will require studying:

• Cartan subalgebras (which are self-normalising nilpotent subalgebras),
• representation theory for sl2(C),
• root systems and their classification.

Below are two useful Venn diagrams to keep in mind. Note that they are com-
plementary to one another:

abelian simple

semi-simplenilpotent

solvable

• Abelian: g′ = 0;
• Nilpotent: gk = 0;
• Solvable: g(k) = 0;
• Semi-simple implies g = [g, g] = g′ and g ∼=

⊕r
i=1 gi, each gi simple (where

simple means non-abelian and {0}, g only ideals).

13. Characterisation of nilpotent Lie algebras

13.1. Engel’s Theorem. Characterisation of nilpotent Lie algebras. We begin
by studying nilpotent matrix Lie algebras, i.e., subalgebras of gl(V ), where V is a
C-vector space. First, recall that the strictly upper triangular matrices nn(C) is a
nilpotent Lie algebra, and any subalgebra of nn(C) is nilpotent.

Definition 13.1. A linear map T : V → V is nilpotent if T r = 0 for some r ∈ N.

Lemma 13.2. Elements of nn(C) are nilpotent matrices.

Note. This justifies calling subalgebras of nn(C) nilpotent Lie algebras.

Proof. Let T ∈ nn(C). Its characteristic polynomial equals χT (λ) = det (T − λ) =
(−1)

n
λn, so all eigenvalues are zero. By the Cauchy-Hamilton theorem (proved

below), χT (T ) = (−1)
n
Tn = 0, so T is a nilpotent matrix. �

Question: If T : V → V is a nilpotent linear map, is there a basis B of V such
that [T ]B is strictly upper triangular?

Answer: Yes! In fact, we will show that over C (or any algebraically closed field
F), there is a basis B of V such that any linear transformation T is upper triangular
w.r.t. B and the diagonal entries are the eigenvalues of T . If T is nilpotent, then
all the eigenvalues are zero so [T ]B is strictly upper triangular as required.
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Note. A basis independent way of describing a linear transformation T : V → V
that can be put into a strictly upper triangular form is as follows. A chain of
subspaces

{0} = V0 ⊂ V1 ⊂ V2 ⊂ . . . ⊂ Vn−1 ⊂ Vn = V

with dim (Vi) = i, is called a (complete) flag.
The subspace Vi is T -invariant if T (Vi) ⊆ Vi. The map T ∈ End(V ) has a flag of

invariant subspaces iff there exists a basis B of V such that [T ]B is upper triangular.
The next theorem proves that over C, this is always possible. If T (Vi) ⊆ Vi−1, then
all diagonal entries are zero. This is true if T is a nilpotent map.

Theorem 13.3. Suppose T ∈ End(V ). Then there exists a basis B of V such that
[T ]B is upper triangular, the diagonal entries are the eigenvalues, repeated as many
times as their algebraic multiplicities.

Proof. Let χT (λ) =
∏p
i=1 (λ− λi)ni , where

∑p
i=1 ni = dim (V ) =: n, denote the

characteristic polynomial of T . So, λ1, λ2, . . . , λp are the eigenvalues of T with
algebraic multiplicities n1, n2, . . . , np. Note that we have used the algebraic closure
of C to ensure the existence of eigenvalues (i.e., roots of χT (λ)).

Let v1 be an eigenvector of λ1. Then U = span(v1) is a one-dimensional invariant
subspace (i.e., T (U) ⊆ U). Consider the SES:

0→ U → V → V/U → 0.

T naturally defines an operator on U by restriction T |U (v) = T (v) |U for all v ∈ U
and on the quotient space V/U by:

T |V/U (v + U) = T (v) + U ∀[v] ∈ V/U.

The basis {v1} for U can be extended to a basis B̃ = {v1, . . . , vn} of V and
{v2 + U, . . . , vn + U} is a basis of V/U . These choices are equivalent to a split-
ting of the SES V ∼= U ⊕ V/U .

In general, a linear transformation on a direct sum can be written in block form:

T =

[
T |U TU,V/U
TV/U,U T |V/U

]
. Also, recall that the matrix of T w.r.t. the basis B̃ is

given by [T ]B̃ = [T (v1) T (v2) . . . T (vn)]. Since T (U) ⊆ U , it follows that

T (v1) = λ1v1 + 0 · v2 + . . .+ 0 · vn = λ1v1.

Thus, [T ]B̃ =

[
λi TU,V/U
0 TV/U

]
. We have

χT (λ) = det (T − λ) = (λ− λ1) det
(
TV/U − λ

)
= (λ− λ1)χT |V/U (λ),

where χT |V/U (λ) = (λ− λ1)
n1−1 ·

∏p
i=2 (λ− λi). As dim (V/U) = n − 1, we can

proceed by induction to construct a basis B which satisfies the conditions in the
theorem. �

Corollary 13.4. (Cayley-Hamilton Theorem). If T ∈ End(V ), then χT (T ) = 0,
i.e., T : V → V is a root of its characteristic polynomial.

Proof. Let v1 be an eigenvector of λ1, and set U = span(v1). Arguing by induc-
tion, suppose the statement is true for T |V/U . So, χT |V/U = 0 on V/U . Hence,

χT |V/U (T )(V ) ⊆ U . Moreover, (T − λ1)(U) = 0,

χT (T )(V ) = (T − λ1)χT |V/U (T )(V ) ⊆ (T − λ1)(U) = 0.

�
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Returning to the nilpotent Lie algebra nn(C), we have that every element is a
nilpotent matrix. Further, we have shown that any nilpotent matrix can be put
into a strictly upper triangular form. Engel’s theorem extends this form a single
operator to an entire algebra of such operators.

Theorem 13.5. (Engel). Let g ⊆ gl(V ) be a Lie subalgebra where every ele-
ment X ∈ g is nilpotent. Then there exists a basis B of V w.r.t. which g ∼=
{[X]B | X ∈ g} ⊆ nn(C), so in particular, g is a nilpotent Lie algebra.

Note. The proof follows the same line of argument as proof of Theorem 13.3. The
difficult step is to show that there exists a common eigenvector v1 for all T ∈ g.
We work towards this by proving by first proving two lemmas.

Lemma 13.6. Let g ⊆ gl(V ) be a Lie subalgebra. If X : V → V ∈ g is nilpotent,
then adX : g→ g is nilpotent.

Proof. If Y ∈ g, then

• adX(Y ) = [X,Y ] = XY − Y X,
• ad2

X(Y ) = X(XY − Y X)− (XY − Y X)X = X2Y − 2XYX + Y X2,

and thus admX(Y ) is a linear combination of terms of the form XjY Xm−j where
0 ≤ j ≤ m. By hypothesis, Xn = 0 for some n ∈ N, so for m = 2n, either Xj or
Xm−j is zero for all 0 ≤ j ≤ m. Hence ad2n

X = 0, so adX is nilpotent. �

Lemma 13.7. Let g ⊆ gl(V ) and I ⊆ g be an ideal. Define

V0 = {v ∈ V | X(v) = 0 ∀X ∈ I}.
Then V0 is g-invariant, i.e., Y (V0) ⊆ V0 for all Y ∈ g.

Proof. For all X ∈ I, Y ∈ g and v ∈ V0,

XY (v) =

=0︷ ︸︸ ︷
Y X(v) +

=0, since [X,Y ] ∈ I︷ ︸︸ ︷
[X,Y ](v) = 0.

So, Y (V0) ⊆ V0, for all Y ∈ g. �

Using these lemmas, we can show that a Lie algebra of nilpotent matrices have
a common eigenvector. Recall that the eigenvalue is always zero.

Proposition 13.8. Let g ⊆ gl(V ) be a subalgebra consisting of nilpotent elements.
Then there exists v ∈ V such that X(v) = 0 for all X ∈ g.

Proof. We proceed by induction on dim (g). Base case dim (g) = 1 is clear since
g = span{T : V → V }, T is nilpotent, has an eigenvector and T (v) = 0. Next, let
A ⊂ g be a maximal Lie subalgebra. We show that A must be an ideal and of
codimension one, i.e., there exists Y ∈ g/A such that g = A ⊕ span{Y }. First,
define ϕ : A→ gl

(
g
A

)
by ϕ(a)(X +A) := ada(X) +A, for all a ∈ A and X ∈ g.

We claim this is a well-defined Lie homomorphism. For,

ϕ(a+ b)(X +A) = ada+b(X) +A = (ada(X) + adb(X)) +A

= (ada +A) + (adb +A)

= ϕ(a)(X +A) + ϕb(X +A),

verifies ϕ is a homomorphism. It preserves the Lie bracket, since

[ϕ(a), ϕ(b)](X +A) = ϕ(a) ◦ ϕ(b)(X +A)− ϕ(b) ◦ ϕ(a)(X +A)

= ϕ(a)(adb(X) +A)− ϕ(b)(ada(X) +A)

= (ada ◦ adb(X) +A)− (adb ◦ ada(X) +A)

= [ada, adb](X) +A

= ad[a,b](X) +A = ϕ([a, b])(X +A),
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which verifies ϕ is a Lie homomorphism.
Since a : V → V ∈ A is nilpotent, ada : g → g is nilpotent (by a previous

lemma), and thus ϕ(a) ∈ gl
(
g
A

)
is nilpotent. ϕ(A) ⊂ gl

(
g
A

)
is a Lie subalgebra

of dimension less than dim (g), consisting of nilpotent elements. By the induction
hypothesis, there exists Y +A ∈ g

A such that

ϕ(a)(Y +A) = ada(Y ) +A = A,

so ada(Y ) = [a, Y ] ∈ A for all a ∈ A. Let L = A ⊕ span(Y ). This is a subalgebra
of g as [A, Y ] ⊆ A, and since A is maximal, it follows that L = g. We have shown
that g = A ⊕ span{Y } and [A, Y ] ⊆ A, so A is an ideal of g. By the induction
hypothesis, there exists 0 6= v ∈ V such that a(v) = 0 for all a ∈ A. Let

V0 = {v ∈ V | a(v) = 0 ∀a ∈ A}.
Then V0 6= ∅ and by previous lemma, V0 is g-invariant. In particular, Y (V0) ⊆ V0.
Since Y : V → V is nilpotent, it restricts to a nilpotent map V0 → V0. Thus, there
exists 0 6= v ∈ V0 such that Y (v) = 0. Any X ∈ g = A ⊕ span{Y } can be written
as X = a+ λY for some a ∈ A, λ ∈ C, and X(v) = (a+ λY )(v) = 0, so X(v) = 0
for all X ∈ g. �

Now, we provide the proof of Engel’s theorem, and restate it below.

Theorem 13.9. (Engel). Let g ⊆ gl(V ) be a Lie subalgebra where every ele-
ment X ∈ g is nilpotent. Then there exists a basis B of V w.r.t. which g ∼=
{[X]B | X ∈ g} ⊆ nn(C), so in particular, g is a nilpotent Lie algebra.

Proof. We have a Lie subalgebra g ⊆ gl(V ) consisting of nilpotent matrices. By
the above proposition, they have a common eigenvector, i.e., exists v ∈ V such that
X(v) = 0 for all X ∈ g. Define U = span{v} and proceed exactly as in the proof
of Theorem 13.3 to find a basis B where {[X]B | X ∈ g} = nn(C). �

Using Engel’s Theorem for subalgebras of gl(V ), we can derive a second version
of Engel’s theorem for abstract nilpotent Lie algebras.

Theorem 13.10. (Engel, version 2). A Lie algebra g is nilpotent iff adX ∈ gl(g)
is a nilpotent operator for all X ∈ g.

Proof. (=⇒) g being nilpotent means that gk = 0 for some k ∈ N, so

[X0, [X1, [. . . , [Xk−2, [Xk−1, Xk]]] . . .]] = 0

for all Xi ∈ g. Hence, (adX)
k

= 0.
(⇐=) Suppose that adX is nilpotent for all X ∈ g, so ad(g) = g

Z(g) consists of

nilpotent elements. By Engel’s theorem, ad(g) ⊆ gl(g) is a nilpotent subalgebra.

Suppose ad(g)
k

= 0. Then

0 = ad(g)
k

=

(
g

Z(g)

)k
=

gk + Z(g)

Z(g)
,

so gk ⊆ Z(g) which is abelian. It follows that gk+1 = [g, gk] ⊆ [g, Z(g)] = 0 so g is
nilpotent. �

Note. • Engel’s theorem can equivalently be stated as: “g is nilpotent iff
ad(g) is nilpotent”.
• The proof works over any field of arbitrary characteristic.
• If g ⊆ gl(V ) is a nilpotent Lie subalgebra, then by Engel’s theorem, ad(g) =
{adX | X ∈ g} is a nilpotent Lie algebra and adX : g → g are nilpotent
matrices for all X ∈ g. This does not imply that X ∈ g is a nilpotent
matrix, however. For example, one needs only take the centre of gl(V ).
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14. Characterisation of solvable Lie algebras

14.1. Lie’s Theorem. Recall Theorem 13.3, which says that any linear transfor-
mation T : V → V , where V is a C-vector space, can be put into an upper triangular
form.

In the special case when T is nilpotent, so all eigenvalues are zero, this can
be extended to an entire subgalgebra of matrices, which is then necessarily form
nilpotent Lie algebra.

One can ask when Theorem 13.3 can be extended to an entire Lie subalgebra
of gl(V ), i.e., for an arbitrary collection of matrices with no constraint on the
eigenvalues?

Lie’s Theorem answers this affirmatively if, and only if, the subalgebra is solvable.
Only then can one find a common eigenvector to all matrices in that subalgebra.

Note that two matrices A,B ∈ End(V ) are diagonalisable iff [A,B] = 0. That is,
if X ∈ End(V ), then matrices which are diagonalisable with X are precisely those
in the centralizer of X (i.e., Cgl(V )(X)).

Theorem 14.1. (Lie’s Theorem). Let g ⊆ gl(V ) be a solvable Lie algebra. Then
there exists a basis B of V such that

g ∼= {[X]B | X ∈ g} ⊆ bn(C).

Note. Unlike Engel’s theorem, Lie’s theorem is false for fields of prime characteristic.
Lie’s Theorem characterises solvable matrix Lie algebras (recall by Ado’s theorem,
all Lie algebras are matrix Lie algebras), namely they all arise as Lie subalgebras
of bn(C) (upper triangular matrices).

The difficult step in Lie’s theorem is finding a common eigenvector for all X ∈ g,
i.e., show that

Vλ = {v ∈ V | X(v) = λ(v)v, ∀X ∈ g}
is non-empty, where λ : g → C. The map λ : g → C must be linear, so λ ∈
Hom(g,C) =: g∗ (called the dual of g), and is called a weight for g.

The space Vλ of common eigenvectors to g, if non-empty, is called the weight
space of λ. For each X ∈ g, λ(X) ∈ C is the eigenvalue of that element and v ∈ Vλ
are the eigenvectors.

Example 14.2. Let dn(C) ⊆ Mn(C) denote the subalgebra of diagonal matrices.

Let {ei}ni=1 be the standard basis of Cn. Then for X =

α1 0
. . .

0 αn

, Xei =

αiei, so we have that Vλi = spanC{ej} is a weight space for the weight λi : dn(C)→
C defined λi(X) = αi.

Now, we proceed to show that over C any solvable Lie subalgebra g ⊆ gl(V ) has
a weight space Vλ 6= ∅. Once this has been established, the proof of Lie’s theorem
proceeds exactly as of Theorem 13.3. Namely, let 0 6= v ∈ Vλ be a common
eigenvector of all X ∈ g, set U = span{v} and note that g(U) ⊆ U (i.e., it is a
g-invariant subspace), and so on.

We first need an analogue of Lemma 13.7, now with λ 6= 0.

Proposition 14.3. Let g ⊆ gl(V ) and I ⊆ g an ideal. Suppose λ : I → C is a
weight for I, with weight space

Vλ = {v ∈ V | X(v) = λ(X)v, ∀X ∈ I} 6= ∅.
Then Vλ is g-invariant, i.e., g(Vλ) ⊆ Vλ.

Note. Lemma 13.7 is a corollary, for λ = 0.
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Proof. We want to show that Y (v) ∈ Vλ for all Y ∈ g and v ∈ Vλ. Since I is an
ideal, we have [X,Y ] ∈ I for all X ∈ I and Y ∈ g, and XY = Y X + [X,Y ], so

XY (v) = (Y X + [X,Y ])(v)

= λ(X)Y (v) + [X,Y ](v)

= λ(X)Y (v) + λ([X,Y ])v.

Hence, we need to show that λ([X,Y ]) = 0.
Let U = spanC

{
v, Y (v), Y 2(v), . . .

}
⊆ V . Since V is finite dimensional, there

is a minimal m ∈ N such that v, Y (v), . . . , Y m(v) are linearly dependent. Then,
B =

{
v, Y (v), . . . , Y m−1(v)

}
is a basis of U .

Now, we prove that for all z ∈ I:

(1) z(U) ⊆ U ;
(2) the matrix of the restriction z |U with respect to the basis B is of the form

[z |U ]B =

λ(z) ∗
. . .

0 λ(z)

 .

We need to show that for 0 ≤ r ≤ m− 1,

zY r(v) = λ(z)Y r(v) +
∑
i≤r−1

ciY
i(v), (1)

for ci ∈ C. We proceed by induction on r.
Base case: r = 0 is true as z(v) = λ(z)v because z ∈ I. Next, suppose the claim

is true for r − 1. Observe that

zY r(v) = zY · Y r−1(v) = (Y z + [z, Y ])Y r−1(v). (2)

By the inductive hypothesis,

zY r−1(v) = λ(z)Y r−1(v) +
∑
i≤r−2

ciY
i(v),

so we get

Y zY r−1(v) = λ(z)Y r(v) +
∑
i≤r−1

ciY
i(v). (3)

Moreover, since [z, y] ∈ I (ideal condition), it follows by the inductive hypothesis

[z, Y ]Y r−1(v) =
∑
i≤r−1

diY
i(v) (4)

for some di ∈ C. Inserting Equation 3 and Equation 4 into Equation 2 yields
Equation 1. This completes the induction and proves (1) and (2).

Now, let z = [X,Y ] ∈ I. By (1), z(U) ⊆ U , and by (2), Tr(z |U ) = mλ(z),
m = dim (U). Furthermore,

z = [X,Y ] = XY − Y X

and X(U) ⊆ U by (1) and Y (U) ⊆ U by definition of U . Thus, the restrictions
X |U , Y |U exist and z |U= [X |U , Y |U ]. Hence,

Tr(z |U ) = Tr([X |U , Y |U ]) = 0,

so mλ(z) = mλ([X,Y ]) = 0. Since Char(C) = 0, we have shown that λ([X,Y ]) = 0
for all X ∈ I and Y ∈ g. �

Proposition 14.4. Let g ⊆ gl(V ) be a solvable Lie algebra. Then there exists a
common eigenvector 0 6= v ∈ V for all X ∈ g (i.e., X(v) ∈ span{v} for all X ∈ g).
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Proof. The statement is true for dim (g) = 1, since g = span{T : V → V } and T
has an eigenvector (since we are working over C).

We proceed by induction on dim (g). Assume dim g > 1. Since g is solvable,
g′ = [g, g] ⊂ g. Choose a subspace A ⊂ g such that g′ ⊆ A and dim (A) =
dim (g) − 1. Let z ∈ g/A, so g = A ⊕ span{z} (as vector spaces). Then, [A,A] ⊆
g′ ⊆ A and [A, z] ⊆ g′ ⊆ A, so A ⊂ g is an ideal. By the inductive hypoth-
esis, there exists a common eigenvector 0 6= v ∈ V for all X ∈ A. Hence,
Vλ = {v ∈ V | X(v) = λ(X)v ∀X ∈ A} is non-empty. By previous proposition, Vλ
is g-invariant, so z(Vλ) ⊆ Vλ. Thus there exists 0 6= w ∈ Vλ that is an eigenvector
for z, i.e., z(w) = βw, where β ∈ C. For any Y = X + αz ∈ g, α ∈ C, we have

Y (w) = (X + αz)(w)

= λ(X)w + α · β · w.

So, w is a common eigenvector for all Y ∈ g. �

Lie’s theorem characterises solvable Lie subalgebras of gl(V ).

Proposition 14.5. An abstract Lie algebra g is solvable iff ad(g) = g
Z(g) is solvable.

Proof. (=⇒) Suppose g is solvable. Then g(k) = 0 for some k ∈ N. Hence, g(k) +
Z(g) = Z(g), implying

0 =
g(k) + Z(g)

Z(g)
=

(
g

Z(g)

)(k)

= ad(g)
(k)
.

Thus, ad(g) is solvable.
(⇐=) Conversely, suppose ad(g) = g

Z(g) is solvable. Then

g(k) + Z(g)

Z(g)
=

(
g

Z(g)

)(k)

= ad(g)
(k)

= 0,

for some k ∈ N. Hence, g(k) ⊆ g(k) +Z(g) ⊆ Z(g). Clearly, this implies [g(k), g(k)] =
0, so g(k+1) = 0. Thus, g is solvable. �

Proposition 14.6. A Lie algebra g is solvable iff g′ is nilpotent.

Proof. By the proposition above, it suffices to show this for ad(g). By Lie’s theorem,
there is a basis B of g w.r.t. which all elements adX ∈ ad(g) are upper triangular.
Now, ad[X,Y ] = [adX , adY ] which in the basis B are all strictly upper triangular, and

thus nilpotent matrices. By Engel’s theorem, ad(g)
′

= [ad(g), ad(g)] is a nilpotent
Lie algebra. The converse is obvious. �

Our next goal is to characterise semi-simple Lie algebras, and show that they
factor into a direct sum of finitely many simple Lie algebras:

semi-simple︷︸︸︷
g ∼=

simple Lie algebras︷ ︸︸ ︷
g1 ⊕ . . .⊕ gk .

Thus far, we have used suitable ideals (e.g., g′ and Z(g)) to break up and study
Lie algebras. To advance further, we will also need to consider representations of
abelian Lie algebras and the smallest simple Lie algebra sl2(C), which plays a crucial
role. Recall that a representation of g is a Lie homomorphism to (a subalgebra of)
the general linear algebra gl(V ). We will only need to consider C-vector spaces V .
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15. Representations of abelian Lie algebras

We begin with the smallest abelian Lie algebra C. A representation ϕ : C →
gl(V ) is determined by the action of 1 ∈ C. Set T = ϕ(1) : V → V . The represen-
tation theory of C thus boils down to the representation theory of a single linear
map T ∈ End(V ). This theory is given by the Jordan-Chevalley decomposition.

Definition 15.1. Let T ∈ End(V ), where V is a C-vector space. For each λ ∈ C,
the generalised eigenspace of T is defined by

Vλ := {v ∈ V | (T − λ)
n
v = 0, for some n ∈ N}.

Proposition 15.2. Suppose T ∈ End(V ), where V is a C-vector space, and that
Vλ is non-empty (where λ ∈ C). Then Vλ is T -invariant, and Vλ̃ are linearly

independent for different λ̃ ∈ C.

Proof. Suppose v ∈ Vλ. Then, there exists n ∈ N such that (T − λ)
n
v = 0. Observe

(T − λ)
n−1

(T − λ)(v) = 0,

implying (T − λ)
n−1

(T (v)) = λ(T − λ)
n−1

(v). Hence,

(T − λ)
n
(T (v)) = λ(T − λ)

n
(v) = 0,

and so T (v) ∈ Vλ. Thus, Vλ is T -invariant.

Now, suppose v 6= 0 ∈ Vλ and ṽ 6= 0 ∈ Vλ̃, where λ 6= λ̃. Then, there exists

m,n ∈ N such that (T − λ)
m
v = 0, and

(
T − λ̃

)n
ṽ = 0. Suppose αv + α̃ṽ = 0,

that is, v and ṽ are linearly dependent. One can easily prove by induction that

(T − λ)
m
v =

m∑
j=0

(−1)
m−j

λm−jT j(v).

Choose m and n such that they are equal. Then,

m∑
j=0

(−1)
m−j

λm−jT j(v) = 0 =

m∑
j=0

(−1)
m−j

λ̃m−jT j(ṽ).

Indeed, each of these individual terms will be linearly dependent on our assumption.

Therefore, λTm−1(αv) + λ̃Tm−1(α̃ṽ) = 0. So, it follows
(
λ− λ̃

)
Tm−1(α̃ṽ) = 0.

Since λ − λ̃ 6= 0, we may then go down the sum and divide through the lambdas,

deducing that
(
λ− λ̃

)
α̃ṽ = 0. This means that α̃ = 0, and one similarly deduces

α = 0. That is, v and ṽ are linearly dependent. One continues by induction,
yielding the result. �

Theorem 15.3. (Jordan-Chevalley decomposition). Any T ∈ End(V ) has a unique
decomposition:

T = TSS + Tn,

with [TSS , Tn] = 0, where TSS is a semi-simple operator (i.e., diagonalisable) and
Tn is a nilpotent operator.

Note. If T is written in Jordan normal form, then TSS is the matrix with only
diagonal entries and Tn the matrix with just off-diagonal terms. The Jordan-
Chevalley decomposition holds under a weaker hypothesis than the existence of a
Jordan normal form however. Also, unlike the latter which is basis dependent, the
Jordan-Chevalley decomposition is unique.
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Proof. First, we note that the generalised eigenspaces Vλ of T are non-trivial for
only finitely many λ ∈ C, namely the eigenvalues of T . Let σ(T ) denote the
set of eigenvalues, i.e., the spectrum of T . Consider the quotient space V =
V/
⊕

λ∈σ(T ) Vλ. The quotient transformation T |V no longer has any spectrum,

but this contradicts the fundamental theorem of algebra, applied to the character-
istic polynomial of T |V . Hence, the Vλ’s span V :

V =
⊕

λ∈σ(T )

Vλ.

On each Vλ, the operator (T − λid) |Vλ is nilpotent and λidVλ is diagonal. Define
TSS =

⊕
λ∈σ(T ) λidVλ and Tn =

⊕
λ∈σ(T ) (T − λ) |Vλ , and we obtain the Jordan-

Chevalley decomposition. TSS is semisimple (or diagonalisable) which means that
all generalised eigenspaces are actually eigenspaces. Clearly, TSSTn = TnTSS . To

prove uniqueness, suppose we have an alternate decomposition: T = T̃SS + T̃n,

where [T̃SS , T̃n] = 0. We have TSS − T̃SS = T̃n − Tn. Since T̃SS , T̃n commute with
T , they also commute with TSS , Tn. Now, the sum of commuting semisimple or
nilpotent operators are semisimple respectively nilpotent. Since the only operator
that is both semisimple and nilpotent is the zero operator, we conclude that TSS =

T̃SS and Tn = T̃n. �

Proposition 15.4. Let T ∈ End(V ) with Jordan-Chevalley decomposition T =
TSS + Tn. There are polynomials p, q ∈ C[λ] such that TSS = p(T ) and Tn = q(T ).

Proof. Consider the characteristic polynomial of T

χT (λ) =

k∏
i=1

(λ− λi)ni .

The factors (λ− λi)ni are pairwise coprime. By the Chinese Remainder theorem,

the quotient map C[λ]→
⊕k

i=1 C[λ]/((λi − λ)
ni) is surjective. Thus, for λ1, . . . , λk

we can find a polynomial such that p(λ) = λi mod (λ− λi)ni for all i = 1, 2, . . . , k
and p(λ) = 0 mod λ. Note: if 0 is an eigenvalue of T , then the last condition is
redundant; if not, then λ is relatively prime to all other factors. Set TSS = p(T ).
Since TSS commutes with T , it leaves all the generalised eigenspaces Vλi invariant.
As (T − λi)ni restricts to zero on Vλi , by construction TSS = p(T ) = λiidVλi on

Vλi , which is semisimple. Define q(λ) = λ−p(λ) and set Tn = q(T ), which restricts
to the nilpotent operator T − λi on each Vλi . �

Lemma 15.5. Let T ∈ End(V ) with Jordan decomposition T = TSS + Tn. Then
adT ∈ gl(End(V )) has Jordan decomposition adT = adTSS + adTn .

Proof. By linearity, adT = adTSS +adTn . Moreover, [adTSS , adTn ] = ad[TSS ,Tn] = 0,
so adTSS and adTn commute. By a previous lemma, adTn is nilpotent since Tn is
nilpotent. It remains to show that adTSS is semisimple and the result follows by the
uniqueness of the Jordan-Chevalley decomposition. Consider the basis in which TSS
is diagonal. Then for the standard basis {eij} of End(V ), adTSS is diagonal, i.e.,
semisimple. Namely, if TSS = diag(λ1, . . . , λk), then adTSS (eij) = (λi − λj)eij . �

Next, we consider the representations of abelian Lie algebras h ∼= Ck. In the
proof of Proposition 15.4, we used the fact that if two operators commute, then
the generalised eigenspaces of one operator are preserved by the other. Using
this observation, we can understand the representations of an abelian Lie algebra
h ∼= Ck:

ρ : h→ gl(V ).
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Namely, there is a finite set σ(ρ) ⊂ h∗ = Hom(h,C) of linear functionals λ : h→ C
for which the generalised eigenspaces

Vλ = {v ∈ V | (ρ(h)− λ)
n
v = 0 for some n ∈ N}

are non-trivial and h-invariant (ρ(h)− λ)
n
v = 0 is short-hand notation for

(p(X1)− λ(Xn)) . . . (p(Xn)− λ(Xn))v = 0

for all X1, . . . , Xn ∈ h. Moreover, we have the decomposition V =
⊕

λ∈σ(ρ(h)) Vλ.

An important special case is when all the elements of h act is a semisimple fashion,
i.e., ρ(X) is semisimple (equivalently, diagonalisable) for all X ∈ h. Then, the
generalised eigenspaces Vλ are just eigenspaces or weight spaces, i.e., ρ(x)v = λ(x)v
for all x ∈ h and v ∈ Vλ, so v is a weight vector with weight λ.

This will be crucial in understanding simple Lie algebras. Namely, we will find a
maximal commutative subalgebra h ⊂ g consisting of semisimple elements. Then,
ad |h: h→ gl(g) yields g = h

⊕
α∈σ(ad(h)) gα.

16. Characterisation of semi-simple Lie algebras

Recall that a Lie algebra g is semisimple if its maximal solvable subalgebra rad(g)
is trivial. Equivalently, g does not have any non-trivial solvable ideals. Recall that
this implies that g does not have any non-trivial abelian ideals, and the converse
also holds. Namely, if g has a non-trivial solvable ideal I, then every element of the
derived series of I is also an ideal of g and in particular g will have a non-trivial
abelian ideal.

Our next objective is to give two other characterisations of semisimple Lie alge-
bras.

Definition 16.1. The Killing form K : g× g→ C is a symmetric bilinear form on
g defined by

K(X,Y ) := Tr(adX ◦ adY ).

Lemma 16.2. K(X, [Y, Z]) = K([X,Y ], Z), for each X,Y, Z ∈ g.

Proof. Observe

K(X, [Y,Z]) = Tr
(
adX ◦ ad[Y,Z]

)
= Tr(adX ◦ (adY ◦ adZ − adZ ◦ adY ))

= Tr(adX ◦ adY ◦ adZ)− Tr(adX ◦ adZ ◦ adY )

= Tr(adX ◦ adY ◦ adZ)− Tr(adY ◦ adX ◦ adZ)

= Tr((adX ◦ adY − adY ◦ adX) ◦ adZ)

= Tr
(
ad[X,Y ] ◦ adZ

)
= K([X,Y ], Z).

�

Using K, we first give another characterisation of solvable Lie algebras.
We work towards proving Cartan’s first criterion.

Lemma 16.3. Let g ⊆ gl(V ) be a solvable Lie subalgebra. Then Tr(XY ) = 0, for
all X ∈ g and Y ∈ g′.

Proof. By Lie’s theorem, there is a basis B of V such that [X]B ∈ bn(V ) for all
X ∈ g. Then [[X1]B , [X2]B ] ∈ nn(V ) for all X1, X2 ∈ g. Hence [Y ]B ∈ nn(V ) for
all Y ∈ g′, and [X]B , [Y ]B ∈ nn(V ), so Tr(XY ) = Tr([X]B [Y ]B) = 0. �

Proposition 16.4. Let g ⊆ gl(V ) be a Lie subalgebra. Suppose Tr(XY ) = 0, for
all X,Y ∈ g. Then g is solvable.
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Proof. The idea is to show that if Tr(XY ) = 0 for all X,Y ∈ g, then every Z ∈ g′

is a nilpotent operator. By Engel’s theorem g′ is then a nilpotent Lie algebra and
by Proposition 14.6, g is solvable.

Let X ∈ g′ and consider its Jordan decomposition X = XSS + Xn. Note
that XSS , Xn are not necessarily in g. There is a basis B with respect to which
[XSS ]B = diag(λ1, . . . , λn) and [Xn]B is strictly upper triangular.

We need to prove that XSS = 0, i.e., λ1 = . . . = λn = 0. This will follow if we
can show that

∑n
i=1 λiλi = 0. Define XSS : V → V by XSS := diag

(
λ1, . . . , λn

)
.

Then Tr
(
XSSX

)
=
∑n
i=1 λiλi, so it suffices to show that Tr

(
XSS [Y,Z]

)
= 0, for

all Y,Z ∈ g because X ∈ g′ = span{[Y,Z] | Y,Z ∈ g}. Observe

Tr([X,Y ]Z) = Tr((XY − Y X)Z) = Tr(XY Z − Y XZ)

= Tr(XY Z)− Tr(Y XZ) = Tr(XY Z)− Tr(XZY )

= Tr(XY Z −XZY ) = Tr(X(Y Z − ZY )) = Tr(X[Y, Z]),

for all X,Y, Z ∈ gl(V ). It follows that

Tr
(
XSS [Y,Z]

)
= Tr

(
[XSS , Y ]Z

)
.

By Lemma 15.5, the Jordan decomposition of adX is adXSS + adXn . By Proposi-
tion 15.4, there is a polynomial q(X) ∈ C[X] such that adXSS = q(adX) and clearly
adXSS = adXSS . Therefore, adXSS maps g to g (even if XSS does not belong to

g), since adXSS is a polynomial in adX . In particular, adXSS (Y ) = [XSS , Y ] ∈ g.

Since Tr(XY ) = 0 for all X,Y ∈ g, we conclude that Tr
(
[XSS , Y ]Z

)
= 0, so λi = 0

for all i = 1, . . . , n and X is nilpotent. �

Theorem 16.5. (Cartan’s first criterion). g is solvable iff g ⊥K g′, i.e., K(X,Y ) =
0 for all X ∈ g, Y ∈ g′.

Note. Recall that bn(C)
′

= nn(C), so bn(C) is K-orthogonal to nn(C).

Proof. (=⇒) Suppose g is solvable, so equivalently ad(g) ⊆ gl(g) is solvable. By
Lemma 16.3, Tr(adX ◦ adY ) = K(X,Y ) = 0 for all X ∈ g and Y ∈ g′.

(⇐=) Suppose K(X,Y ) = 0 for all X ∈ g and Y ∈ g′. By Proposition 16.4, g(2)

is solvable. But this implies that g′ is solvable, so g is solvable. �

Example 16.6. Let g be the non-trivial 2-dimensional solvable Lie algebra with

basis B = {X,Y } and [X,Y ] = X. Then [adX ]B =

(
0 1
0 0

)
, [adY ]B =

(
−1 0
0 0

)
,

K(X,X) = 0, K(X,Y ) = 0, K(Y, Y ) = 1, so the associated matrix to the

Killing form is [K]B =

(
0 0
0 1

)
. It is a degenerate matrix. Moreover, K(X,X) =

K(Y,X) = 0 so K(g, g′) = 0 since g′ = spanC{X}, as expected by Cartan’s first
criterion.

Before moving on to semisimple Lie algebras, let us first recall some basic notions
in linear algebra:

• If {ei}ni=1 is a basis of V , then {fi}ni=1 is a basis of the dual space V ∗ =
HomC(V,C), where fi(ej) = δij .
• Given a subspace W ⊆ V and a symmetric bilinear form 〈·, ·〉 : V ×V → C,

the orthogonal complement of W is the vector subspace

W⊥ = {v ∈ V | 〈v, w〉 = 0 ∀w ∈W}.

Definition 16.7. 〈·, ·〉 is non-degenerate if V ⊥ = 0.

Proposition 16.8. 〈·, ·〉 is non-degenerate iff its matrix w.r.t. a basis of V is
invertible.
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Proof. (=⇒) Suppose 〈·, ·〉 is non-degenerate. Then, V ⊥ = 0. Let {ei}ni=1 be a basis
for V , and A be the matrix of 〈·, ·〉 w.r.t. {ei}ni=1 (i.e., Aij = 〈ei, ej〉). Then, Aij 6= 0
for all i, j. If Trace(A) = 0, this implies

∑n
i=1Aii = 0. That is,

∑n
i=1 〈ei, ei〉 = 0.

Suppose this holds for every base. Then, given j,

〈e1 + ej , e1 + ej〉+

n∑
i=2

〈ei, ei〉 = 0,

implying
〈e1, ej〉+ 〈ej , e1〉+ 〈e1, e1〉 = 0.

In particular, by choosing j = 1, we get 〈ei, ei〉 = 0 for all i. But then by symmetry,
the above implies 〈e1, ej〉 = 0 for all j. Clearly, this means e1 ∈ V ⊥, a contradiction.
So, there must exist a basis for which the trace is non-zero (and so the matrix is
invertible).

(⇐=) Let {ei}ni=1 be the basis of V such that the matrix A is invertible. If
V ⊥ is not non-degenerate, then there exists non-zero v =

∑n
i=1 ciei such that

〈ei, v〉 = 0 for all 1 ≤ i ≤ n. So,
〈
ei,
∑n
j=1 cjej

〉
=
∑n
j=1 cj〈ei, ej〉 = 0. Then,

−〈ej , ej〉 =
∑n
i=1,i6=j ci

〈
c−1
j ej , ei

〉
, and summing RHS yields 0. So, for non-zero cj ,

get sum of 〈ej , ej〉 = 0. Since trace non-zero, sum 〈ej , ej〉 6= 0 for zero cj . �

Any non-degenerate bilinear form defines an isomorphism V → V ∗, v 7→ 〈v,−〉 :
V → C.

Proposition 16.9. Let 〈·, ·〉 : V × V → C be non-degenerate and W ⊆ V a
subspace. Then dim (W ) + dim

(
W⊥

)
= dim (V ). Thus, if W ∩ W⊥ = 0, then

V = W ⊕W⊥.

Proof. We show V = W + W⊥. Let v ∈ V , {wi}dim (W )
i=1 be a basis for W , and{

w⊥i
}dim (W )⊥

i=1
be a basis for W⊥. Let w =

∑dim (W )
i=1 〈v, wi〉wi and w⊥ = v − w.

Then, 〈
w⊥, w⊥k

〉
=
〈
v, w⊥k

〉
−

dim (W )∑
i=1

〈v, wi〉
〈
wi, w

⊥
k

〉
=
〈
v, w⊥k

〉
.

So, 〈
w⊥, wk

〉
=

〈
v, wk −

dim (W )∑
i=1

wi〈wi, wk〉

〉
.

�

Finally, given an ideal of a Lie algebra I ⊆ g, we may ask how the Killing form
KI and Kg are related?

Lemma 16.10. Suppose I ⊆ g is an ideal. Then,

(1) KI(X,Y ) = Kg(X,Y ) for all X,Y ∈ I;
(2) I⊥ ⊆ g is an ideal, where I⊥ = {X ∈ g | K(X,Y ) = 0 ∀Y ∈ I}.

Proof. Let B a basis of I and extend it to a basis B̃ of g. As I ⊆ g is an ideal, adX
maps g to I for all X ∈ I, so

[adX ]B̃ =

[
[adX ]B NX

0 0

]
,

and [adX ]B̃ [adY ]B̃ =

[
[adX ]B [adY ]B [adX ]BNY

0 0

]
.

Hence,

Kg(X,Y ) = Tr(adX ◦ adY ) = Tr([adX ]B [adY ]B) = KI(X,Y ),
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which proves (1).
Clearly, 0 ∈ I⊥, so non-empty. Also, if X,Y ∈ I⊥, then K(X,Z) = K(Y, Z) = 0

for all Z ∈ I. Hence, K(X + Y,Z) = K(X,Z) + K(Y, Z) = 0, by bilinearity, and
also K(λX,Z) = λK(X,Z) = 0. So, I⊥ is a vector subspace of g. If X ∈ g, Y ∈ I⊥
and Z ∈ I, then

K([X,Y ], Z) = K(Z, [X,Y ]) = K([Z,X], Y ) = K(Y, [Z,X]) = 0,

since [Z,X] ∈ I (as I is an ideal). Thus, [X,Y ] ∈ I⊥, and so I⊥ is an ideal (proving
(2)). �

Theorem 16.11. (Cartan’s second criterion). g is semi-simple iff K is non-degenerate.

Proof. (=⇒) Suppose g is semi-simple. Then, by previous lemma, g⊥ ⊆ g is an
ideal and K(X,Y ) = 0 for all X,Y ∈ g⊥. By Proposition 16.4, g⊥ is solvable and
hence g⊥ ⊆ rad(g) = 0, so g⊥ = 0, i.e., K is non-degenerate.

(⇐=) We show that if g is non-semisimple, then K is degenerate, i.e., g⊥ 6= 0.
Suppose r := rad(g) 6= 0 and consider its derived series

r ⊃ r(1) ⊃ r(2) ⊃ . . . ⊃ r(t) = 0.

Then, a = r(t−1) is a non-zero abelian ideal of g. We show that a ⊆ g⊥.
Claim: ada ◦adx ∈ gl(g) is nilpotent for all a ∈ a and x ∈ g. Indeed, for all y ∈ g

we have

(ada ◦ adx ◦ ada)(y) = [a, [x,

∈a︷︸︸︷
[a, y]]︸ ︷︷ ︸
∈a

] = 0,

since a is an abelian ideal. So, (ada ◦ adx)
2

= 0. Hence, Tr(ada ◦ adx) = K(a, x) =
0, which implies that 0 6= a ⊆ g⊥ ⊆ g. �

Lemma 16.12. Suppose g is semi-simple and 0 6= I ⊆ g is an ideal. Then, we
have a K-orthogonal decomposition:

g = I ⊕ I⊥,

where I is itself semi-simple.

Proof. Since K(X,Y ) = 0 for all X,Y ∈ I ∩ I⊥, by Cartan’s first criterion I ∩ I⊥
is solvable. As g is semi-simple, I ∩ I⊥ = 0, and since K is non-degenerate by
Cartan’s second criterion, g = I ⊕ I⊥ by previous proposition. As I ∩ I⊥ = 0, the
restriction of K to I is non-degenerate and by Lemma 16.10 part (1), K |I= KI ,
so KI is non-degenerate and I is semi-simple by Cartan’s second criterion. �

Theorem 16.13. g is semi-simple iff g is a direct sum of simple ideals, i.e., g =⊕r
i=1 gi (each gi simple ideals).

Note. This means that g =
⊕r

i=1 gi as a vector space, and [gi, gj ] ⊆ gi ∩ gj = 0 for
all i 6= j.

Proof. (=⇒) Proceed by induction on dim (g). Suppose g is semi-simple. Base
case: the statement is clear if g is simple, and in particular if g = sl2(C), the lowest
dimensional simple Lie algebra.

Now, let 0 6= I ( g be an ideal. By the previous lemma, g = I ⊕ I⊥ and
the ideals I, I⊥ are semi-simple. By the inductive hypothesis, I =

⊕m
i=1 Li and

I⊥ =
⊕n

i=1Ki, where Li, Ki are simple ideals of I, I⊥, respectively. Then,

[Li, g] = [Li, I ⊕ I⊥] = [Li, I]⊕ [Li, I
⊥]

= [Li, I] ⊆ Li,
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since [Li, I
⊥] ⊆ [I, I⊥] ⊆ I ∩ I⊥ = 0. Hence, all Li’s are ideals of g and similarly

for the Ki’s. Hence,

g = L1 ⊕ . . .⊕ Lm ⊕K1 ⊕ . . .⊕Kn

is a direct sum of simple ideals.
(⇐=) Suppose g = g1⊕. . .⊕gr where gi are simple ideals. Let I ⊂ g be a solvable

ideal. Then, [I, gi] ⊆ I∩gi, so [I, gi] = 0 since gi is simple and I is solvable. Hence,

[I, g] =

r⊕
i=1

[I, gi] = 0

and I ⊆ Z(g) =
⊕r

i=1 Z(gi) = 0. �

Our goal for the remainder of the course is to classify all the complex simple Lie
algebras up to isomorphism. This will require three main ingredients:

(1) representation theory sl2(C);
(2) prove the existence of maximal abelian subalgebras consisting of semi-

simple (i.e., diagonalisable) elements, called Cartan subalgebras;
(3) use representation theory of abelian Lie algebras to get a weight decompo-

sition of g.

This combined will give a bijective correspondence between simple Lie algebras
and irreducible root systems. This translates the classification of simple Lie algebras
to that of irreducible root systems, which is readily doable.

16.1. Jordan decomposition in semi-simple Lie algebras. Recall that X ∈
g ⊆ gl(V ) has a unique Jordan-Chevalley decompositionX = XSS+Xn, [XSS , Xn] =
0, and in general XSS , Xn /∈ g ⊆ gl(V ).

Example 16.14. g = spanC(X) ⊆ gl(V ). Then X = XSS +Xn, but XSS , Xn /∈ g
unless X = XSS or X = Xn.

However, if g is semi-simple, then XSS , Xn do lie in g. In fact, we have such
a decomposition for any abstract semi-simple Lie algebra. We will not prove the
following statements, but you can find proofs in sections 9.5 and 9.6 of Erdmann-
Wildon.

Theorem 16.15. Let g be a semi-simple Lie algebra over C. Then every X ∈ g
has a unique decomposition X = XSS +Xn such that

(1) XSS , Xn ∈ g and [XSS , Xn] = 0;
(2) adXSS , adXn ∈ gl(g) are semi-simple and nilpotent respectively.

Proposition 16.16. If g ⊆ gl(V ) is semi-simple, then the abstract Jordan decom-
position in the above theorem is the same as the Jordan-Chevalley decomposition of
X as a linear transformation V → V .

Proposition 16.17. Let g be semi-simple and ρ : g → gl(V ) a representation.
Suppose X ∈ g has a Jordan decomposition X = XSS+Xn as in the above theorem.
Then, ρ(X) = ρ(XSS) + ρ(Xn) in the Jordan-Chevalley decomposition of ρ(X).

17. Basic representation theory

Before looking at representations of sl2(C), we need to establish some basic
definitions and properties of representations in general.

Recall that a representation of g is a Lie homomorphism ρ : g → gl(V ), where
V is a complex vector space.

Example 17.1. ρ : g → gl(C) defined ρ(X) = 0 for all X ∈ g is called the trivial
representation.
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Example 17.2. ad : sl2(C)→ gl(sl2(C)) and recallB =

{
e =

(
0 1
0 0

)
, h =

(
1 0
0 −1

)
, f =

(
0 0
1 0

)}
is the standard basis of sl2(C). We also recall [e, f ] = h, [e, h] = −2e and [f, h] = 2f .
Therefore,

[ade]B =

0 −2 0
0 0 1
0 0 0

 , [adh]B =

2 0 0
0 0 0
0 0 −2

 , [adf ]B =

 0 0 0
−1 0 0
0 2 0

 .

Since Z(sl2(C)) = 0, ad is a faithful representation of sl2(C) on itself, as a vector
space sl2(C) ∼= C3.

Example 17.3. Let g be the non-trivial 2-dimensional Lie algebra spanned by B =

{X,Y } with [X,Y ] = X. We get ρ : g → gl
(
C2
)

determined by ρ(X) =

(
0 1
0 0

)
and ρ(Y ) =

(
−1 1
0 0

)
is a faithful representation, so ρ(αX + βY ) =

(
−β α+ β
0 0

)
for any αX + βY ∈ g, α, β ∈ C.

It is often naturally convenient to drop ρ and write X · v instead of ρ(X)(v).
This defines a map g× V → V , (X, v) 7→ X · v := ρ(X)(v) which satisfies

• (X1 +X2) · v = X1 · v +X2 · v;
• X · (αv1 + βv2) = αX · v1 + βX · v2; and
• [X1, X2] · v = X1 · (X2 · v)−X2 · (X1 · v).

We say that V is a g-module if there is a map g × V → V satisfying the above
conditions. g-modules and representations of g are equivalent concepts.

Definition 17.4. Let V be a g-module. A subspace W ⊆ V is a g-submodule if W
is g-invariant, i.e., g ·W ⊆W .

Note. Observe that if ρ is the trivial representation, then every subspace is a g-
submodule.

Example 17.5. Let g be a g-module with respect to the adjoint representation.
W ⊆ g is a submodule iff g ·W ⊆ W , i.e, [g,W ] ⊆ W , which is equivalent to W
being an ideal of g.

Definition 17.6. A g-module V is irreducible iff 0 and V are the only submodules.

Note. In some textbooks, irreducible modules are called simple.

Example 17.7. Any one-dimensional g-module is irreducible. For V is one-
dimensional, then the only subspaces of V are itself and 0.

Example 17.8. The submodules of the adjoint g-module g are ideals of g. Hence,
the adjoint module g is irreducible iff g is a simple Lie algebra. Thus, ad : gl2(C)→
gl3(C) from our previous example is irreducible (where gl3(C) ⊃ gl(sl2(C))).

Definition 17.9. Let W ⊆ V be a g-submodule. Then V/W is a quotient g-module
with the g-action: X · (v +W ) = X · v +W , for all X ∈ g and v ∈ V .

Proposition 17.10. The g-action above is well-defined (i.e., independent of rep-
resentations).

Proof. Suppose W ⊆ V is a g-submodule, and that v1 + W = v2 + W (where
v1, v2 ∈ W ). Suppose X ∈ g. Since W is g-invariant, X · (v1 − v2) ∈ W (note
v1 − v2 ∈ W because v1 + W = v2 + W ). So, X · v1 −X · v2 ∈ W , which implies
X · v1 +W = X · v2 +W . Thus, the g-action is indeed well-defined. �



LIE GROUPS AND LIE ALGEBRAS 59

Definition 17.11. If V is a g-module, then a sequence of submodules

0 = V0 ⊂ V1 ⊂ V2 ⊂ . . . ⊂ Vr = V

where Vi/Vi−1 is irreducible for all i, is called the composition series of V .

Definition 17.12. Let V be a g-module. Suppose V = U1 ⊕ . . . ⊕ Ur (i.e., V =

U1 + . . .+Ur and Ui ∩
(∑

i 6=j Uj

)
= 0 for all i), and each Ui is a submodule. Then

we say that V is a direct sum of submodules U1, . . . , Ur. If each Ui is irreducible,
then we call V a completely reducible g-module.

Example 17.13. Let g = sl2(C) and V = g ⊕ C, where g is the adjoint module
and C the trivial representation. Then V is completely reducible.

Example 17.14. Let g = b2(C) acting on V = C2. The only non-trivial (i.e.,
not 0 nor V ) submodule of V is U = spanC(e1), so V is not irreducible (i.e., V is
reducible) but V 6= U ⊕ U , so V is not completely reducible.

Note. From these examples, we see that modules over solvable Lie algebras are not
completely reducible. On the other hand, it is a deep theorem by Weyl that all fi-
nite dimensional C-modules over semi-simple Lie algebras are completely reducible.
Thus, to classify representations of semi-simple Lie algebras, it suffices to classify
irreducible modules up to isomorphism.

Definition 17.15. Let V and W be g-modules. A homomorphism of g-modules is
a linear map ϕ : V →W such that ϕ(X · v) = X ·ϕ(v) for all X ∈ g and v ∈ V . An
isomorphism is a bijective homomorphism, also called an intertwiner of g-modules.

In terms of representations, ρV : g → gl(V ), ρW : g → gl(W ) a homomorphism
ϕ : V →W satisfies

ϕ(ρV (X)(v)) = ρW (X)(ϕ(v)),

i.e., ϕ ◦ ρV = ρW ◦ ϕ. If ϕ is an isomorphism, then ϕ ◦ ρV ◦ ϕ−1 = ρW . So ϕ
is a similarity transformation. Namely, we can find bases BV and BW such that
[ρV (X)]BV = [ρW (X)]BW for all X ∈ g.

18. Representations of sl2(C)

We will classify all the irreducible sl2(C)-modules (up to isomorphism), showing
that there is exactly one of each dimension.

Construction: Let C[X,Y ] be the vector space of all polynomials in X,Y . Let
Vd = spanC

{
Xd, Xd−1Y, . . . ,XY d−1, Y d

}
be the subspace of all homogeneous poly-

nomials of degree d ∈ N0. Thus, dim (V0) = d+ 1.
Let e, f, h denote the standard basis: [e, f ] = h, [h, e] = 2e, [h, f ] = −2f . Define

ρ : sl2(C) → gl(Vd) by ρ(e) = X ∂
∂Y , ρ(f) = Y ∂

∂X and ρ(h) = X ∂
∂X − Y

∂
∂Y , and

extend by linearity.

Proposition 18.1. ρ is a representation, so Vd is a (d+ 1)-dimensional sl2(C)-
module.

Proof. We need to check ρ is a Lie homomorphism. For b ≥ 1,

[ρ(h), ρ(e)]
(
XaY b

)
= ρ(h)ρ(e)

(
XaY b

)
− ρ(e)ρ(h)

(
XaY b

)
= ρ(h)

(
bXa+1Y b−1

)
− ρ(e)

(
(a− b)XaY b

)
= b(a− b+ 2)Xa+1Y b−1 − (a− b)bXa+1Y b−1

= 2bXa+1Y b−1 = 2ρ(e)
(
XaY b

)
,

and
[ρ(h), ρ(e)]Xd = ρ(h)(0)− ρ(e)

(
dXd

)
= 0 = 2ρ(e)

(
Xd
)
.
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Hence, ρ([h, e]) = [ρ(h), ρ(e)].
For a ≥ 1,

[ρ(h), ρ(f)]
(
XaY b

)
= ρ(h)ρ(f)

(
XaY b

)
− ρ(f)ρ(h)

(
XaY b

)
= ρ(h)

(
aXa−1Y b+1

)
− ρ(f)

(
(a− b)XaY b

)
= a(a− b+ 2)Xa−1Y b+1 − (a− b)aXa−1Y b+1

= 2aXa−1Y b+1 = −2ρ(f)
(
XaY b

)
,

and

[ρ(h), ρ(f)]
(
Y d
)

= ρ(h)(0)− ρ(f)
(
−dY d

)
= 0 = −2ρ(f)

(
Y d
)
.

Hence, ρ([h, f ]) = [ρ(h), ρ(e)].
Finally, for a, b ≥ 1,

[ρ(e), ρ(f)]
(
XaY b

)
= ρ(e)ρ(f)

(
XaY b

)
− ρ(f)ρ(e)

(
XaY b

)
= ρ(e)

(
aXa−1Y b+1

)
− ρ(f)

(
bXa+1Y b−1

)
= a(b+ 1)XaY b − b(a+ 1)XaY b

= (a− b)XaY b = ρ(h)XaY b,

and we also have

[ρ(e), ρ(f)]Xd = ρ(e)
(
Y dXd−1

)
− ρ(f)(0) = dXd = ρ(h)

(
Xd
)

and

[ρ(e), ρ(f)]Y d = ρ(e)(0)− ρ(f)
(
XdY d−1

)
= −dY d = ρ(h)

(
Y d
)
.

Thus, ρ([e, f ]) = [ρ(e), ρ(f)], and we are done. �

Proposition 18.2. Let B =
{
Xd, Xd−1Y, . . . ,XY d−1, Y d

}
be the basis of Vd.

Then,

[ρ(e)]B =


0 1

0 2
. . .

. . .

0 d
0



[ρ(f)]B =



0
d 0

d− 1
. . .

. . . 0
1 0



[ρ(h)]B =


d

d− 2
. . .

−(d− 2)
−d

 .

Proof. �

Example 18.3. • V0 = C is the trivial representation.
• V1 = C2 is the fundamental representation where sl2(C) acts by 2 × 2

matrices.
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• V2 = sl2(C) is isomorphic to the adjoint representation, where we recall

[ade]B =

0 −2 0
0 0 1
0 0 0

 , [adh]B =

2 0 0
0 0 0
0 0 −2

 , [adf ]B =

 0 0 0
−1 0 0
0 2 0

 .

We must find the change of basis matrix, that transforms these to

[ρ(e)]B =

0 1 0
0 0 2
0 0 0

 , [ρ(h)]B =

2 0 0
0 0 0
0 0 −2

 , [ρ(f)]B =

0 0 0
2 0 0
0 1 0

 .

Next, we show that Vd is irreducible for all d ∈ N0 and these are all the irreducible
sl2(C)-modules.

By Weyl’s complete reducibility theorem, any other sl2(C)-module decomposes
into a direct sum of the Vd’s.

Proposition 18.4. Vd is irreducible.

Proof. Suppose U ⊂ Vd is a non-zero submodule, so U is preserved by ρ(e),
ρ(f), ρ(h). Since ρ(h) has d + 1 distinct eigenvalues, the eigenvalues of the re-
striction ρ(h) |U : U → U are also distinct and U contains an eigenvector for
ρ(h). The eigenspaces of ρ(h) are 1-dimensional spanned by the basis vectors in
B =

{
Xd−jY j

}
j=0,...,d

. Hence, XaY b ∈ U for some a, b. Applying ρ(e) to this

successively gives
Xa+1Y b−1, Xa+2Y b−2, . . . , Xd ∈ U,

and applying ρ(f) gives

Xa−1Y b+1, Xa−2Y b+2, . . . , Y d ∈ U.
Hence, U = Vd, so Vd is irreducible. �

Lemma 18.5. Let V be a finite dimensional sl2(C)-module.

• If v ∈ V with h · v = λv, then

h · (e · v) = (λ+ 2)e · v
h · (f · v) = (λ− 2)f · v.

• V contains an eigenvector w 6= 0 for h such that e · w = 0.

Proof. We first prove (1). Observe that

h · (e · v) = e · (h · v) + [h, e] · v
= λe · v + 2e · v = (λ+ 2)e · v

h · (f · v) = f · (h · v) + [h, f ] · v
= λf · v − 2f · v = (λ− 2)f · v.

We now prove (2). Note that the linear map v 7→ h · v has an eigenvector (since
the field is C), say h · v = λv. Consider v, e · v, e2 · v, . . .. If all of them non-zero, by
(1), these are eigenvectors for h with distinct eigenvalues, hence they are linearly
independent. As V is finite dimensional, there exists k such that ek · v 6= 0 but
ek+1 · v = 0. Then w = ek · v. �

Theorem 18.6. If V is a finite dimensional irreducible sl2(C)-module, then V ∼= Vd
for some d ∈ N0.

Proof. By Lemma 18.5 (2), there is a 0 6= w ∈ V such that e · w = 0, h · w = λw.
Moreover, there exists a d ∈ N such that fd · w 6= 0, fd+1 · w = 0.

We claim B =
{
w, f · w, . . . , fd · w

}
is a basis of V , consisting of h-eigenvectors

with distinct eigenvalues λ, λ−2, . . . , λ−2d. The latter claim follows by Lemma 18.5
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(1). To show that B spans V , let U = spanC(B). Then clearly f ·U ⊆ U and h ·U ⊆
U . Moreover, we show by induction on k that e·fk·w ∈ spanC

{
w, f · w, . . . , fk−1 · w

}
for all k ≤ d. This is clearly true for k = 0, as e · w = 0. Assume this is true for
k − 1. Then

e · fk · w = e · f ·
(
fk−1 · w

)
= (f · e+ [e, f ])

(
fk−1 · w

)
= (f · e+ h)

(
fk−1 · w

)
.

By the inductive hypothesis, e · fk−1 · w ∈ spanC
{
w, f · w, . . . , fk−2 · w

}
, so f ·

e · fk−1 · w ∈ spanC
{
w, f · w, . . . , fk−1 · w

}
and so is h · fk−1 · w. This completes

the induction and shows that e · U ⊆ U . Hence we have shown that U is an
sl2(C)-submodule of V , and as V is irreducible, we have U = V .

In the basis B, we have

[h]B =


λ

λ− 2
. . .

λ− 2d

 .

Moreover, h = [e, f ] ∈ g′, so Tr[h]B = Tr[e, f ] = 0. Thus,

λ+ (λ− 2) + . . .+ (λ− 2d) = 0,

implying (d+ 1)λ = d(d+ 1) and hence λ = d.
Now, we can show that V ∼= Vd. The sl2(C)-module V has a basis B ={
w, f · w, . . . , fd · w

}
and Vd has a basis B̃ =

{
Xd, fXd, . . . , fdXd

}
. Both bases

consist of h-eigenvectors with eigenvalues d, d − 2, . . . ,−d. Define ϕ : V → Vd by
ϕ
(
fk · w

)
= fkXd, 0 ≤ k ≤ d.

Clearly, ϕ is a bijection, so we need to show that is an isomorphism of sl2(C)-
modules, i.e. (by linearity) ϕ(x · ϕ(v)) for all v ∈ B and x = e, f, h. We have

x = f f · ϕ
(
fk · w

)
= f ·

(
fk ·Xd

)
= fk+1 ·Xd

= ϕ
(
f ·
(
fk · w

))
x = h h · ϕ

(
fk · w

)
= h · fk ·Xd

= (d− 2k)fkXd

= ϕ
(
h · fk · w

)
.

For x = e, we show that

e · ϕ
(
fk · w

)
= ϕ

(
e · fk · w

)
by induction on k. For k = 0, we have

e · ϕ(w) = eXd = 0 = ϕ(e · w)

as e · w = 0. Now assume the equality holds for k − 1. Then

ϕ
(
e · fk · w

)
= ϕ

(
(f · e+ h) · fk−1 · w

)
= f · ϕ

(
e · fk−1 · w

)
+ h · ϕ

(
fk−1 · w

)
IH = f · e · ϕ

(
fk−1 · w

)
+ h · ϕ

(
fk−1 · w

)
= e · f · ϕ

(
fk−1 · w

)
= e · ϕ

(
fk · w

)
,

which concludes the induction and shows that V ∼= Vd. �
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19. Cartan subalgebras

While a simple Lie algebra g has no non-trivial ideals (other than g itself), it
can have non-trivial subalgebras. Consider the adjoint representation,

ad : g→ gl(g)

which is faithful for simple Lie algebras (since Z(g) = 0). If we can find a non-
trivial abelian subalgebra h ⊂ g, then by the representation theory of abelian Lie
algebras, the restriction

ad |h: h→ gl(g)

will give a decomposition of g into generalised weight spaces

g =
⊕

λ∈σ(ad|h)

gλ.

Now, if we can find an abelian subalgebra h consisting of semi-simple elements,
i.e., adX is diagonalisable for all X ∈ h, then the decomposition will be into actual
weight spaces:

g =
⊕

α∈σ(ad|h)

gα, gα = {x ∈ g | adh(x) = α(h)x ∀h ∈ h} 6= 0.

Note. [adh1
, adh2

] = ad[h1,h2] = 0.

The weights for the adjoint representations are called roots. If Φ := σ(ad |h)\{0}
denotes the non-zero roots, then we can write the root decomposition as

g = g0

⊕
α∈Φ

gα.

This idea turns out to be the key to obtaining a complete classification of simple
Lie algebras. Hence, the strategy is to:

(1) Find an abelian subalgebra h ⊂ g consisting of semi-simple elements.
(2) Decompose g into a direct sum of root (i.e., weight) spaces of the adjoint

representation ad |h.
(3) Use the root decomposition to pin down structure constants.

Example 19.1. g = sl2(C) = span{e, f, h} where h = span{h} is an abelian
subalgebra and adh is diagonalisable.

Example 19.2. g = sl3(C), where dim (g) = 32 − 1 = 8. Let h be the subalgebra

consisting of diagonal traceless matrices in g. Then, h ∈ h iff h =

a1 0
a2

0 a3

,

where a1 + a2 + a3 = 0. So, dim (h) = 2. Now, if eij ∈ sl3(C), i 6= j, then
adh(eij) = (ai − aj)eij , so adh is diagonalisable and we get

sl3(C) = h

3⊕
i 6=j=1

span(eij)

is the root space decomposition. The roots of adh corresponding to each of these
root (or weight) spaces are

root space root
h 0
span(eij) εi − εj

where εi : g→ C is defined by h =

a1

a2

a3

 7→ ai.
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Next, we prove the existence and characterise maximal abelian subalgebras h,
called Cartan subalgebras, for any simple Lie algebra g.

First, let us record some properties of the root decomposition g = g0 ⊕α∈Φ gα.
Note that h ⊆ g0 = {x ∈ g | adh(x) = 0 ∀h ∈ h} and recall that Φ are non-zero
weights α ∈ h∗ = Hom(h,C) for which gα 6= 0.

Proposition 19.3. Let α, β ∈ h∗ = Hom(h,C). Then,

(1) [gα, gβ ] ⊆ gα+β;
(2) if α + β 6= 0, then K(gα, gβ) = 0, i.e., gα ⊥ gβ w.r.t. the Killing form K;

and
(3) if g is semi-simple, then K |g0

is non-degenerate (i.e., g0 ∩ g⊥0 = 0).

Proof. Let X ∈ gα, Y ∈ gβ . For all h ∈ h,

adh([X,Y ]) = [adh(X), Y ] + [X, adh(Y )]

= α(h)[X,Y ] + β(h)[X,Y ]

= (α+ β)(h)[X,Y ].

Hence, [X,Y ] ∈ gα+β , proving (1).
Let h ∈ h with (α+ β)(h) 6= 0. For any X ∈ gα, Y ∈ gβ , we have

α(h)K(X,Y ) = K([h,X], Y ) = −K([X,h], Y )

= −K(X, [h, Y ]) = −β(h)K(X,Y ).

Hence, (α+ β)(h)K(X,Y ) = 0, so K(X,Y ) = 0 (proving (2)).
Let Y ∈ g0 ∩ g⊥0 . Then K(g0, Y ) = 0. Now, any X ∈ g can be written

X = X0 +
∑
α∈Φ

Xα,

where Xα ∈ gα. By (2), K(g0, gα) = 0 if α 6= 0, so K(Xα, Y ) = 0 for all X ∈ Φ.
Also, K(X0, Y ) = 0 by assumption. Hence, K(X,Y ) = 0 for all X ∈ g, so Y ∈ g⊥.
As g is semi-simple, K is non-degenerate, so g⊥ = 0. Hence, Y = 0, so g0 ∩ g⊥0 . �

Corollary 19.4. If X ∈ gα, α 6= 0, then adX is nilpotent.

Proof. For any root α ∈ Φ ∪ {0},

adX(gβ) ⊆ gα+β

ad2
X(gβ) ⊆ g2α+β

...

adrX(gβ) ⊆ grα+β ,

by previous proposition part (1). However, Φ is finite, so for some r ∈ N we have
rα+β /∈ Φ. This means that (adX)

r
(gβ) = 0. Again, since Φ is finite, and for each

β ∈ Φ ∪ {0} we can find r such that (adX)
r
(gβ) = 0, we can take the maximum of

these r to get (adX)
r
(gβ) = 0 for all β ∈ Φ ∪ {0}. Since g =

⊕
β∈Φ∪{0} gβ , follows

(adX)
r

= 0 on g. �

Now, each choice of abelian subalgebra h ⊂ g consisting of semi-simple elements
gives rise to a direct sum decomposition g = g0

⊕
α∈Φ gα. Hence, it makes sense to

seek the largest such subalgebra.

Definition 19.5. A subalgebra h of a semi-simple Lie algebra g is called a Cartan
subalgebra if h is abelian, every element h ∈ h is semi-simple (i.e., adh is diagonal-
isable) and h is maximal among subalgebras satisfying these two properties.
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Note. A Cartan subalgebra is normally defined as a nilpotent self-normalising sub-
algebra h (i.e., Ng(h) = h) of g. Over an algebraically closed field (e.g., C) and
when g is semi-simple, this definition is equivalent to the one above.

A subalgebra consisting of semi-simple elements is called toral. Any toral subal-
gebra must be abelian (if [h1, h2] 6= 0, then ad[h1,h2] = [adh1

, adh2
] 6= 0 is diagonal-

isable; however, the trace is clearly 0, contradiction). Hence, a Cartan subalgebra
is the same as a maximal toral subalgebra if g is semi-simple.

Proposition 19.6. Let g be a finite dimensional semi-simple Lie algebra over C.
Then g has a Cartan subalgebra.

Proof. Let X = XSS + Xn ∈ g be the Jordan decomposition. Suppose XSS =
0 for all X ∈ g. Then adX ∈ ad(g) ⊆ gl(g) is nilpotent for all X ∈ g. By
Engel’s theorem, ad(g) and hence g is a nilpotent Lie algebra, which contradicts
semi-simplicity of g. Hence, there is X ∈ g such that XSS 6= 0. spanC{XSS} ⊂
g is an abelian subalgebra, so g has a non-trivial abelian subalgebra consisting
of semi-simple elements. Such a subalgebra of maximal dimension is a Cartan
subalgebra. �

Definition 19.7. The centraliser of a subset S ⊆ g, is the subalgebra Cg(S) =
{X ∈ g | [X,Y ] = 0 ∀Y ∈ S}.

Lemma 19.8. The centralizer Cg(I) of an ideal I ⊆ g is an ideal of a Lie algebra
g.

Proof. By Question 1 Part (b) Assignment 3, we know Cg(I) is a subalgebra of
g. Therefore, it suffices to show [g, Cg(I)] ⊆ Cg(I). To this end, suppose X ∈ g,
Y ∈ Cg(I) and Z ∈ I. By Jacobi we have

[X, [Y,Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0,

and observe [Y,Z] = 0 (since Y ∈ Cg(I) and Z ∈ I) and that [Z,X] ∈ I (since
Z ∈ I, X ∈ g and I is an ideal of g), implying [Y, [Z,X]] = 0. So, [Z, [X,Y ]] = 0,
and hence [X,Y ] ∈ Cg(I). Thus, it clearly follows Cg(I) is an ideal of g. �

Lemma 19.9. Suppose h ⊆ g is a subalgebra consisting of semi-simple elements
and Cg(h) = h. Then h is a Cartan subalgebra in g.

Proof. Note that h ⊆ Cg(h) iff h is abelian. Hence, h is abelian. We claim that if

h = Cg(h) must be of maximal dimension. Otherwise, there exists a subalgebra h̃

such that h ⊂ h̃. Then h̃ ⊆ Cg(h) = h, which gives a contradiction. �

Note. This states that a self-centralising subalgebra h ⊂ g consisting of semi-simple
elements is a Cartan subalgebra of g. If g is a semi-simple Lie algebra, then the
converse is true.

Example 19.10. We show that the abelian subalgebra h consisting of traceless
diagonal matrices in sln(C) is a Cartan subalgebra by showing that Csln(C)(h) = h.
Clearly, h is contained in Csln(C). It is easy to see that if a matrix commutes with
h, then it must be a diagonal, and so we are done.

Theorem 19.11. Let g be a semi-simple Lie algebra and h ⊂ g a Cartan subalgebra.
Then h = Cg(h).

Note. In the root space decomposition g = g0

⊕
α∈Φ gα we have

g0 = {X ∈ g | [X,h] = 0 ∀h ∈ h} = Cg(h) = h.

Hence, g = h
⊕

α∈Φ gα.
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Proof. We proceed in three steps. Step 1: Choose h ∈ h such that dim (Cg(h)) is
minimal. We will show that Cg(h) = Cg(h). Suppose Cg(h) 6= Cg(h), i.e., there
exists s ∈ h such that Cg(h) 6⊆ Cg(s), so

Cg(h) ∩ Cg(s) ( Cg(h).

We show that there is a linear combination h+ λs, λ ∈ C, such that

Cg(h+ λs) = Cg(h) ∩ Cg(s) ( Cg(h),

contradicting the minimal dimension of Cg(h). Choose a basis c1, . . . , cn of Cg(h)∩
Cg(s). Since s ∈ h ⊆ Cg(h), and s is semi-simple, we can extend to a basis c1, . . . , cn,
x1, . . . , xp of Cg(h) consisting of eigenvectors for ads. Also, we can extend to a basis
c1, . . . , cn, y1, . . . , yq of Cg(s) of eigenvectors for adh. So, c1, . . . , cn, x1, . . . , xp,
y1, . . . , yq is a basis of Cg(h) + Cg(s). Moreover,

[ads, adh] = ad[s,h] = 0,

so we can extend to a basis of g:

c1, . . . , cn, x1, . . . , xp, y1, . . . , yq, z1, . . . , zr,

consisting of simultaneous eigenvectors of adh and ads. Note that [s, xi] 6= 0, since
xi /∈ Cg(s), and similarly [h, yi] 6= 0. Let [h, zi] = αizi, [s, zi] = βizi, αi, βi 6= 0. We
have the following table of eigenvalues (λ 6= 0):

ci xi yi zi
ads 0 6= 0 0 βi
adh 0 0 6= 0 αi
ads + λadh 0 6= 0 6= 0 βi + λαi

Choose λ ∈ C such that βi + λαi 6= 0 for all i. Then, Cg(s+ λh) = Cg(s) ∩ Cg(h)
and dimCg(s+ λh) < dim (Cg(h)).

Step 2: Next, we prove that Cg(h) is nilpotent. Let X ∈ Cg(h), with Jordan
decomposition X = XSS +Xn. Then,

[X,h] = 0 =⇒ [XSS , h] = [Xn, h] = 0,

so XSS , Xn ∈ Cg(h). Also, XSS ∈ h, since by step 1, [XSS , h] = 0, so h+span{XSS}
is abelian and consists of semi-simple elements, so XSS ∈ h as h is a Cartan
subalgebra (maximality coniditon).

Now, the restriction adXSS : Cg(h) → Cg(h) is the zero map as XSS ∈ h, so
the restriction adX : Cg(h) → Cg(h) is the restriction of adXn to Cg(h), so it is
nilpotent. Hence, ad(Cg(h)) consists of nilpotent operators and by Engel’s theorem
Cg(h) is a nilpotent Lie algebra.

Step 3: We now show that Cg(h) ⊆ h, so combined with step 1, we have Cg(h) ⊆
h and thus Cg(h) = h. By step 2, Cg(h) is nilpotent, hence solvable, so by Lie’s
theorem, there exists a basis B of Cg(h) such that {[adX ]B | X ∈ Cg(h)} ⊆ bn(C)
where n = dim (Cg(h)). Let X ∈ Cg(h) with Jordan decomposition X = XSS+Xn,
where by the proof of step 2, XSS ∈ h, and Xn ∈ Cg(h) with adXn nilpotent. Then
[adXn ]B ∈ nn(C).

Let K be the Killing form of g. For all Y ∈ Cg(h),

K(Xn, Y ) = Tr(adXn ◦ adY ) = 0.

By Proposition 19.3 part (3), the restriction of K to g0 = Cg(h) is non-degenerate.
Hence, Xn = 0, so X = XSS ∈ h. Thus, Cg(h) = h. �

Returning to our strategy, we have now established the existence of maximal
abelian subalgebras h consisting of semi-simple elements (i.e., Cartan subalgebras)
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for any semi-simple Lie algebra and the weight space decomposition w.r.t. ad |h:
h→ gl(g) is called the root space decomposition (g0 = Cg(h) = h)

g = h
⊕
α∈Φ

gα

where Φ ⊆ h∗ \ {0}, the set of roots g with respect to h, and

gα = {X ∈ g | [h,X] = α(h)X ∀h ∈ h}.

So far we know the following structure constraints:

• [h1, h2] = 0 for all h1, h2 ∈ h
• [h, x] = α(h)x for all h ∈ h and x ∈ gα
• [gα, gβ ] ⊆ gα+β for all α, β ∈ Φ

There is still a long way to go to pin down all possible structure constraints (i.e.,
Φ) for simple Lie algebras, but remarkably it is possible to do by studying the root
space decomposition more closely. This is the task that we will undertake next.

20. sl2(C)-subalgebras

We observed that [gα, gβ ] ⊆ gα+β , so in particular [gα, g−α] ⊆ h so long as
−α ∈ Φ. Not only is it always true that α ∈ Φ ⇐⇒ −α ∈ Φ, but we will show
that for any α ∈ Φ there exists a triple (eα, e−α, hα) ∈ gα × g−α × h, forming an
sl2(C)-subalgebra of g.

Proposition 20.1. Let α ∈ Φ. Then,

(1) −α ∈ Φ; and
(2) if 0 6= eα ∈ gα, then there exists e−α ∈ g−α such that span{eα, e−α, [eα, e−α]}

is a subalgebra of g isomorphic to sl2(C).

Proof. Let 0 6= X ∈ gα. As K is non-degenerate, there exists Y ∈ g such that
K(X,Y ) 6= 0. Write Y = Y0 +

∑
β∈Φ Yβ , where Y0 ∈ h and Yβ ∈ gβ . Recall

K(gα, gβ) = 0, unless α+β = 0. Therefore, Y−α 6= 0 and so −α ∈ Φ (which proves
(1)).

Let X ∈ gα, Y ∈ g−α satisfying K(X,Y ) 6= 0. We claim that [X,Y ] ∈ h and
[X,Y ] 6= 0. We have [X,Y ] ∈ [gα, g−α] ⊆ g0 = h and as α 6= 0, there exists u ∈ h
such that α(u) 6= 0. Then,

K(u, [X,Y ]) = K([u,X], Y ) = α(u)K(X,Y ) 6= 0.

Therefore, [X,Y ] 6= 0. Now, let S = span{X,Y, [X,Y ]}. Since [X,Y ] ∈ h, we have

[[X,Y ], X] = α([X,Y ])X ∈ S
[[X,Y ], Y ] = −α([X,Y ])Y ∈ S.

Hence S ⊆ g is a subalgebra. We show that S ∼= sl2(C) by proving that S′ = S, so
the result follows by the following lemma below.

Let h = [X,Y ] ∈ h \ {0} and suppose for a contradiction that α(h) = 0, so
[h,X] = [h, Y ] = 0. Then dim (S′) = 1, so S is solvable. By Lie’s theorem, there
exists a basis B of g such that

{[adX ]B | X ∈ S} ⊆ b3(C).

Then, [adh]B = [ad[X,Y ]]B ∈ n3(C), and so adh is nilpotent. As h is semi-simple,
adh is diagonalisable. Hence, h = 0, a contradiction. Consequently, α(h) 6= 0, so
[h,X] 6= 0, [h, Y ] 6= 0 and S′ is 3-dimensional, so S ∼= sl3(C). RescalingX and Y , we
get S := sl(α) = span{eα, e−α, hα}, where eα ∈ gα, e−α ∈ g−α, hα := [eα, e−α] ∈ h
and [hα, eα] = 2eα, [hα, e−α] = −2e−α, i.e., α(hα) = 2. �
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Lemma 20.2. Let g be a complex 3-dimensional Lie algebra with g = g′. Then,
g ∼= sl2(C).

Proof. For 0 6= X ∈ g, adX : g → g has rank 2. Namely, if g = span{X,Y, Z},
then g′ = span{[X,Y ], [X,Z], [Y,Z]}, so [X,Y ] and [X,Z] are linearly independent.
There exists h ∈ g such that adh has a non-zero eigenvalue. Namely, let 0 6= X ∈ g
and assume adX has only eigenvalue 0. Then there is a basis B = {X,Y, Z} of g,
such that

[adX ]B =

0 1 0
0 0 1
0 0 0

 ,

which is Jordan canonical form of adX , so [X,Y ] = X, [X,Z] = Y . Then adY (X) =
−X, so adY has eigenvalue −1.

We have shown that there exist h,X ∈ g such that adh(X) = αX for α 6= 0.
Since g = [g, g], the trace of any representation φ : g→ gl(V ) vanishes:

Tr(φ(X)) = Tr(φ([A,B])) = Tr([φ(A), φ(B)]) = 0,

i.e., φ : g → sl(V ) ⊂ gl(V ), so in particular, Tr(adh) = 0 and the eigenvalues of
adh are 0, α,−α. So there exists a basis X,Y, h with [h,X] = αX, [h, Y ] = −αY .
Moreover,

[h, [X,Y ]] = [[h,X], Y ] + [X, [h, Y ]] = α[X,Y ]− α[X,Y ] = 0.

Thus, [X,Y ] ∈ ker (adX) = span{h}, so [X,Y ] = λh for λ 6= 0 (as g = g′).
Rescaling h 7→ 2

αh to take α = 2 and rescaling X 7→ 1
λX to take λ = 1, gives

[h,X] = 2X, [h, Y ] = −2y, [X,Y ] = h.

�

Example 20.3. Let g = sl3(C). Recall that

g = h
⊕
i6=j

span{eij}

with roots εi − εj , where

εi :

a1 0
a2

0 a3

 7→ ai.

For α = εi − εj , we have

sl(α) = span{eij , eji, hij},

where hij = eii − ejj .

Recall that we obtained the root space decomposition g = h
⊕

α∈Φ gα by decom-
posing g into weight spaces for ad |h: h → gl(g). Since any simple Lie algebra g
contains an sl2(C) subalgebra sl(α), for each α ∈ Φ, we can gain further information
by studying the sl2(C)-representation;

ad |sl(α): sl(α)→ gl(g)

and its submodules in g.

Proposition 20.4. Let α ∈ φ and β ∈ φ ∪ {0}. Then

M =
⊕
c∈Z

β+cα∈Φ

gβ+cα

is an sl(α)-submodule of g.
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Proof. Observe

[gβ+cα, g±α] ⊆ gβ±(c±1)α

and [gβ+cα, h] ⊆ gβ+cα.

�

Definition 20.5. We call the set of roots {β + cα | c ∈ Z} the α-string through β.

Example 20.6. Let g = sl3(C), α = ε2−ε3 and β = ε1−ε2. The α-string through
β is β, β + α. The corresponding submodule is

M = span{e12, e13} =


0 • •

0 0 0
0 0 0

,
and

sl(α) =


0 0 0

0 • •
0 • •

.
Proposition 20.7. Let α ∈ Φ. Then

(1) dim (gα) = 1; and
(2) if nα ∈ Φ, n ∈ Z \ {0}, then n = ±1.

Proof. Define W = span{e−α, h, gnα | n ∈ N}. Then W is invariant under adeα ,
ade−α and adh, h ∈ h. So, W is an sl(α)-submodule. Consider the restriction
adeα |W to W . Then

Tr
(
ad[eα,e−α] |W

)
= Tr(adhα |W ) = Tr

(
[adeα |W, ade−α |W ]

)
= 0.

Now,

adhα |W=



−α(h)
0

. . .

0
nα(h)

. . .

nα(h)


,

where −α(h) comes from e−α, the zeroes come from h and nα(h) comes from gnα.
We write h = hα so that α(h) = 2.

Taking the trace, we obtain

0 = −α(h) +
∑
n≥1

nα(h) dim (gnα).

Thus,
∑
n≥1 ndim (gnα) = 1, so dim (gα) = 1 and gnα = 0 for all n ≥ 2. Similarly,

dim (g−α) = 1 and g−nα = 0 for all n ≥ 2. �

Proposition 20.8. Let V be a finite dimensional sl2(C)-module. Then every eigen-
value of the linear map v 7→ h · v, v ∈ V , is an integer.

Note. sl2(C) = span{e, f, h}.

Proof. Recall that the irreducible sl2(C)-modules are Vd, dim (Vd) = d+ 1, d ∈ N0,
and spec{h |Vd} = {d, d− 2, . . . ,−d} ⊂ Z. Now, take a composition series for V :

V = W0 ⊃W1 ⊃ . . . ⊃Wr = 0
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where Wi are submodules and each quotient Wi/Wi+1 is irreducible, so Wi/Wi+1
∼=

Vdi for some di ∈ N0. Then with respect to a suitable basis of V , h acts as

h =



d0

. . . 0
−d0

d1

. . .

• −d1

. . .


,

hence the eigenvalues are integers. �

Using the above proposition, we can obtain further restrictions on the set of
roots Φ.

Proposition 20.9. Let α, β ∈ Φ with β 6= ±α. Then

(1) β(hα) ∈ Z.
(2) The α-string through β is

β − rα, β − (r − 1)α, . . . , β, β + α, . . . , β + qx

where r, q ≥ 0 and β(hα) = r − q.
(3) If α+ β ∈ Φ, then [eα, eβ ] = λeα+β, λ 6= 0.
(4) β − β(hα)α ∈ Φ.

Proof. Let M =
⊕

c∈Z
β+cα∈Φ

gβ+cα ⊆ g be the sl2(α)-submodule.

(1) is clear, since β(hα) is an hα-eigenvalue on gβ , so β(hα) ∈ Z by previous
proposition.

For (2): Recall dim (gβ+cα) = 0 or 1 for all c ∈ Z. So, the eigenspaces of adhα
on M are all one-dimensional. The eigenvalues are (β + cα)(hα) = β(hα) + 2c so
they are all even or all odd. Therefore, M is an irreducible sl(α)-module (if not,
then the eigenvalue 0 or 1 has multiplicity greater than 1).

Thus, M ∼= Vd for some d ∈ N0, and the eigenvalues are

{β(hα) + 2c | β + cα ∈ Φ} = {d, d− 2, . . . ,−d},
so (2) follows by taking d = β(hα) + 2q and −d = β(hα)− 2r, so in particular, we
obtain β(hα) = r − q by taking the sum of these equations.

For (3): Recall that the action of eα on M ∼= Vd is given by the matrix
0 1

0 2
. . .

. . .

0 d
0

 ,

so if [eα, eβ ] = 0, then [hα, eβ ] = deβ , so β(hα) = d, hence q = 0. But α+β ∈ Φ by
assumption, and hence q ≥ 1, which gives a contradiction. Therefore, [eα, eβ ] 6= 0,
showing (3).

(4) follows from (2), since

β − β(hα)α = β − (r − q)α
and

−r ≤ −r + q ≤ q.
�
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Recall that [h, h] = 0 and [h, g] is determined by the roots Φ. The above propo-
sition (3) shows that Φ also determines the brackets [gα, gβ ] for α 6= ±β, up to
scalar factor, and by construction [eα, e−α] ∈ h. To advance further, we will need
to unravel more of the geometric properties of root system Φ.

21. Cartan subalgebras as inner product spaces

Proposition 21.1. K(h1, h2) =
∑
α∈Φ α(h1)α(h2) for all h1, h2 ∈ h.

Proof. Let B be a basis of g; B = {basis of g} ∪ {eα | α ∈ Φ}. For h ∈ h,

[adh]B =


0

. . .

α(h)
. . .

 ,

where 0 corresponds to h, and α(h)I corresponds to {eα | α ∈ Φ}. Hence,

K(h1, h2) = Tr(adh1
, adh2

) =
∑
α∈Φ

α(h1)α(h2).

�

Proposition 21.2. span(Φ) = h∗.

Proof. Suppose for a contradiction that V := span(Φ) ( h∗. Then

Annh(V ) = {h ∈ h | f(h) = 0 ∀f ∈ V }
is non-zero, as it has dimension

dim (h∗)− dim (V ) 6= 0.

Hence, there exists 0 6= h ∈ h such that α(h) = 0 for all α ∈ Φ. Then K(h, h) = 0
by previous proposition, and K(h, gα) = 0 for all α ∈ Φ by Proposition 19.3 (2).
Hence, h ∈ h⊥ = 0, a contradiction. �

By Proposition 19.3 (3), the restriction K |h of the Killing form to h is non-
degenerate. Define

θ : h→ h∗, h 7→ θh = K(h,−).

K |h being non-degenerate implies that θ is injective. Since dim (h) = dim (h∗),
θ : h→ h∗ is an isomorphism.

Proposition 21.3. For each α ∈ Φ, there exists a unique tα ∈ h such that

α(X) = K(tα, X), ∀X ∈ h.

Proof. Follows by the isomorphism θ. �

Proposition 21.4. For all α ∈ Φ, X ∈ gα, Y ∈ g−α, we have [X,Y ] = K(X,Y )tα.

Proof. For any h ∈ h,

K(h, [X,Y ]) = K([h,X], Y ) = α(h)K(X,Y )

= K(tα, h)K(X,Y )

= K(h,K(X,Y )tα).

Since K |h is non-degenerate,

[X,Y ] = K(X,Y )tα.

�

Proposition 21.5. (1) tα = hα
K(eα,e−α) ,
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(2) hα = 2tα
K(tα,tα) ,

(3) K(tα, tα)K(hα, hα) = 4.

Proof. We have hα = [eα, e−α], so by previous proposition,

hα = [eα, e−α] = K(eα, e−α)tα,

which proves (1).
α(hα) = 2, so using (1), we get

2 = K(tα, hα) = K(tα, tα)K(eα, e−α),

so

hα = tαK(eα, e−α) =
2tα

K(tα, tα)
,

which proves (2).
(3) follows from (1), since

K(tα, tα)K(hα, hα) = K(tα, tα)
K(2tα, 2tα)

K(tα, tα)
2 = 4.

�

Proposition 21.6. If α, β ∈ Φ, then

(1) K(hα, hβ) ∈ Z; and
(2) K(tα, tβ) ∈ Q.

Proof. For (1), observe

K(hα, hβ) =
∑
γ∈Φ

γ(hα)γ(hβ) ∈ Z.

For (2), by previous proposition and part (1),

K(tα, tβ) = K(hα, hβ)
K(tα, tα)

2

K(tβ , tβ)

2
∈ Q.

�

The isomorphism θ : h → h∗, h 7→ K(h,−) naturally induces a non-degenerate
inner product on h∗ = Hom(h,C). For every f1, f2 ∈ h∗:

〈f1, f2〉 := K
(
θ−1(f1), θ−1(f2)

)
.

For α, β ∈ Φ ⊂ h∗,

〈α, β〉 = K(tα, tβ).

Recall span(Φ) = h∗, so there exists a basis α1, . . . , αk of h∗ with all αi ∈ Φ.

Proposition 21.7. If β ∈ Φ, then β =
∑k
i=1 riαi, ri ∈ Q.

Proof. Let β =
∑k
i=1 riαi, ri ∈ C. Then 〈β, αj〉 =

∑k
i=1 ri〈αi, αj〉. As K |h is

non-degenerate, the matrix Aij = 〈αi, αj〉 is invertible and all entries of A are in Q
by previous proposition, and also 〈β, αj〉 ∈ Q, so ri ∈ Q for all i. �

Definition 21.8. Let E be the real span of α1, . . . , αk ∈ h∗, i.e., E =
{∑k

i=1 riαi

∣∣∣ ri ∈ R
}

.

By previous proposition,

(1) E is independent of the choice of basis,
(2) Φ ⊆ E,
(3) E = spanR{Φ}.

Proposition 21.9. The bilinear form 〈·, ·〉 is a real-valued inner product on E.
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Proof. For α, β ∈ Φ, 〈α, β〉 = K(tα, tβ) ∈ R. Hence, 〈·, ·〉 is real-valued on E. Let
f ∈ E, f = θh = K(h,−) for some h ∈ h. Then

〈f, f〉 = 〈θh, θh〉 = K(h, h) =
∑
γ∈Φ

γ(h)
2

=
∑
γ∈Φ

K(tγ , h)
2

=
∑
γ∈Φ

〈γ, θh〉2.

As 〈γ, θh〉 ∈ R, this sows that 〈θh, θh〉 ≥ 0. If 〈θh, θh〉 = 0, then γ(h) = 0 for all
γ ∈ Φ. Hence, h = 0, so θh = 0. �

22. Root systems

Let E be a finite dimensional real vector space with an inner product (·, ·). For
0 6= v ∈ E, the reflection Sv : E → E is defined by

Sv(x) = x− 2
(v, x)

(v, v)
v,

for all x ∈ E. Note that Sv sends v 7→ −v and fixes every vector in spanR(v)
⊥

.

Proposition 22.1. Sv preserves the inner product, i.e.,

(Sv(x), Sv(y)) = (x, y)

for all x, y ∈ E. So, Sv ∈ O(E, (·, ·)), the orthogonal group of E.

Note. In terms of notation, write 〈x, v〉 := 2(x,v)
(v,v) ; all previous occurrences of 〈·, ·〉

is to be thought of as (·, ·) from now on. 〈·, ·〉 is linear in x, but not in v.

Proof. Observe

(Sv(x), Sv(y)) = (x− 〈x, v〉v, y − 〈y, v〉v)

= (x, y − 〈y, v〉v)− 〈x, v〉(v, y − 〈y, v〉v)

= (x, y)− 〈y, v〉(x, v)− 〈x, v〉(v, y) + 〈y, v〉〈x, v〉(v, v)

= (x, y)− 2
(y, v)(x, v)

(v, v)
− 2

(x, v)(y, v)

(v, v)
+ 4

(x, v)(y, v)

(v, v)

= (x, y).

�

Definition 22.2. A subset R ⊂ E is a root system if

(1) R is finite, 0 /∈ R, and E = spanR(R).
(2) For α ∈ R, the only scalar multiples of α in R are ±α.
(3) For α ∈ R, the reflection Sα sends R to R, i.e., permutes the set R.

(4) For α, β ∈ R, 〈β, α〉 = 2(β,α)
(α,α) ∈ Z.

Elements of R are called roots, and dim (E) is called the rank of R.

Example 22.3. The only root system of rank 1 is

−α α

Proposition 22.4. Let g be a semi-simple Lie algebra over C, h ⊂ g a Cartan
subalgebra, and root decomposition:

g = h
⊕
α∈Φ

gα.

Let E = spanR(Φ) ⊆ h∗ with inner product (·, ·). Then Φ ⊂ E is a root system.
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Proof. Axiom (1) is clear, axiom (2) we proved in previous proposition. For axiom
(3), let α, β ∈ Φ. Then Sα(β) = β − 〈β, α〉α. Claim: 〈β, α〉 = β(hα). Indeed,

β(hα) = K(tβ , hα)

= K

(
tβ ,

2tα
K(tα, tα)

)
=

2(β, α)

(α, α)

= 〈β, α〉.
Hence, Sα(β) = β−β(hα)α ∈ Φ by a previous proposition part (4). Finally, axiom
(4) follows from 〈β, α〉 = β(hα) ∈ Z by that same previous proposition part (1). �

Example 22.5. g = sln(C). A Cartan subalgebra is h = {diagonal traceless matrices}.
The corresponding root spaces are gαij = textspanC{eij} with root αij ∈ Φ,
αij = εi − εj , i 6= j,

εi :

a1

. . .

an

 7→ ai.

E = spanR(Φ) = {
∑n
i=1 λiεi |

∑n
i=1 λi = 0}, and rank(g) := dim (E) = n − 1.

Inner product:  n∑
i=1

λiεi,

n∑
j=1

µjεj

 =

n∑
i=1

λiµi.

Example 22.6. Some rank 2 root systems: g = sl3(C), α = ε1 − ε2, β = ε2 − ε3
and Φ = {α, β, α+ β,−α,−β,−α− β}. We have (α, β) = −1, (α, α) = 2, so the
angle between α and β is cos−1

(
1
2

)
= 2π

3 = 120◦. We have root system (a):

−α α

−α− β −β

α+ ββ

We also have root system (b):

−α α

−β

β
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Finally, we have root system (c):

−α α

−2α− β −β

2α+ ββ
α+ β

−α− β

Definition 22.7. We say that root systems R ⊆ E, R′ ⊆ E′ are isomorphic if
there exists a vector space isomorphism ϕ : E → E′ such that

(1) ϕ(R) = R′;
(2) (ϕ(α), ϕ(β)) = (α, β) for all α, β ∈ R.

Definition 22.8. A root system R ⊆ E is reducible if R = R1 ∪R2, where Ri 6= ∅
and (α, β) = 0 for any α ∈ R1, β ∈ R2. Otherwise, R is irreducible.

Note. In the previous examples, (a) and (c) are irreducible, but (b) is reducible
since it is the union of the unique root of rank 1,

−α α

with itself, corresponding to the semi-simple Lie algebra sl2(C)⊕ sl2(C).

Proposition 22.9. Let g be a semi-simple Lie algebra with root system Φ, with
respect to a choice of Cartan subalgebra h. If Φ is irreducible, then g is simple.

Proof. We have g = h ⊕α∈Φ gα. Suppose g is not simple, so it has an ideal I 6= 0.
Then [h, I] ⊆ I and adh is simultaneously diagonalisable on g, hence also on I.
Thus, I has a basis of common eigenvectors for adh, so I = h1 ⊕α∈Φ1

gα, where
h1 ⊆ h, Φ1 ⊆ Φ. Similarly, I⊥ = h2 ⊕α∈Φ2 gα and as g = I ⊕ I⊥, h = h1 ⊕ h2,
Φ = Φ1∪Φ2, Φ1∩Φ2 = ∅. If Φ2 = ∅, then Φ1 = Φ so I contains all gα, α ∈ Φ, and
therefore all [gα, g−α], which span h. Hence, I = g, a contradiction. Thus, Φi 6= ∅
for i = 1, 2. Finally, for α ∈ Φ1, β ∈ Φ2,

[hβ , eα] ∈ I ∩ I⊥ = 0.

So, 0 = α(hβ) = 〈α, β〉 by the proof of previous proposition. Hence, (α, β) = 0
showing that Φ is reducible. �

23. Classification of semi-simple Lie algebras

The classification has many contributors (Killing, Cartan, Weyl, . . .). Recall
that the root system Φ depends on the choice of Cartan subalgebra h. However,
we have the following theorem.

Theorem 23.1. Let g be a semi-simple Lie algebra over C, with Cartan subalgebras
h1, h2, and corresponding root systems Φ1 and Φ2. Then, Φ1

∼= Φ2.

The proof (omitted in this course) relies on the fact that all Cartan subalgebras
are conjugate, i.e., there exists

g ∈ Aut(g) = {X ∈ GL(g) | g([X,Y ]) = [g(X), g(Y )],∀X,Y ∈ g}
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such that g(h1) = h2. Hence, every semi-simple Lie algebra over C has a unique
root system. The converse also holds.

Theorem 23.2. For any root system Φ, there exists a unique (up to isomorphism)
semi-simple Lie algebra g over C with root system Φ.

A detailed proof is omitted, but existence follows by constructing a simple Lie
algebra for any given irreducible root system (these are classified). These are

sln, son, spn, g2, f4, e6, e7, e8.

Alternative approach to existence is to use Serre’s theorem (which constructs the
Lie algebras using generators and relations).

Uniqueness can be proved abstractly, or by proving the existence of a Chevalley
basis over Z with respect to which the structure constants are uniquely determined
up to sign by the root data. Recall that for α, β ∈ Φ, the α-string through β is

β − rα, . . . , β + qα.

Then the Chevalley basis is {hα, eα}α∈Φ and the structure constants are

[hα, hβ ] = 0

[hα, eβ ] = β(hα)eβ and β(hα) = r − q
[eα, e−α] = hα

[eα, eβ ] =

{
0 if α+ β /∈ Φ ∪ {0};
±(q + 1)eα+β if α+ β ∈ Φ.

Conclusion: Classification of simple Lie algebras is equivalent to classification
of irreducible root systems. In the remainder of these notes, we will look closer at
irreducible root systems and prove that they are up to isomorphism classified by
connected Dynkin diagrams. We will conclude listing all such diagrams.

24. Irreducible root systems

Let R ⊆ E be a root system. Recall that 〈β, α〉 = 2 (β,α)
(α,α) , where α, β ∈ R. Also,

(α, β) = ‖α‖‖β‖ cos (θ),

where θ is the angle between α and β.

Proposition 24.1. If α, β ∈ R and β 6= ±α, then

〈β, α〉〈α, β〉 =
4(α, β)

2

(α, α)(β, β)
∈ {0, 1, 2, 3}.

Proof. If θ is the angle between α and β, then 〈β, α〉〈α, β〉 = 4 cos2 (θ) ≤ 4. More-
over, it is not equal to 4, otherwise cos2 (θ) = 1 and θ = nπ so β = ±α. �

Proposition 24.2. Let α, β ∈ R, β 6= ±α, and assume that (β, β) ≥ (α, α). Then
the possible values for 〈α, β〉, 〈β, α〉 and θ are as follows:

〈α, β〉 〈β, α〉 cos (θ) θ (β,β)
(α,α) = 〈β,α〉

〈α,β〉
0 0 0 π/2 undetermined
1 1 1/2 π/3 1
−1 −1 −1/2 2π/3 1

1 2 1/
√

2 π/4 2

−1 −2 −1/
√

2 3π/4 2

1 3
√

3/2 π/6 3

−1 −3 −
√

3/2 5π/6 3

Proposition 24.3. Let θ be the angle between α, β ∈ R, and (β, β) ≥ (α, α).
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(1) If θ > π
2 , then α+ β ∈ R.

(2) If θ < π
2 , then α− β ∈ R.

Proof. By Axiom (3), for root systems, Sβ(α) = α−〈α, β〉β ∈ R and from previous
proposition, θ > π

2 implies that 〈α, β〉 = −1 and θ < π
2 implies that 〈α, β〉 = 1. �

Using Proposition 24.2, we can classify all root systems of rank 2 “by hand”.

24.1. Classification of root systems of rank 2. Let R ⊆ R2 be a rank 2 root
system. Pick α, β ∈ R with α 6= ±β, and the angle θ between α and β as large as
possible (θ ≥ π

2 ). By Proposition 24.2, the possibilities are

θ =
2π

3
,

3π

4
,

5π

6
or

π

2
.

If θ = 2π
3 , then α, β have the same length, so we have

−β

α

Applying reflections, we get A2:

−α α

−α− β −β

α+ ββ

If θ = 3π
4 , then (β, β) = 2(α, α), so we get B2:

−α α

β

−β
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If θ = 5π
6 , then (β, β) = 3(α, α), so we get G2:

α

β

If θ = π
2 we get A1 +A1 (which is reducible):

−α α

−β

β

Definition 24.4. The Weyl group W (R) of a root system R ⊆ E is the group
generated by the reflections

Sα(x) = x− 2(α, x)

(α, α)
α

for all α ∈ E, i.e.,

W (R) = 〈Sα | α ∈ R〉 ⊂ GL(E).

Proposition 24.5. W (R) is a finite group.

Proof. By axiom (3) of root systems, each reflection Sα gives a permutation of
the finite set R, so we have a homomorphism ϕ : W (R) → S|R| where Sn is the
permutation group on n elements (as usual). If g ∈ ker (ϕ), then g(α) = α for all
α ∈ R, hence as E = spanR(R), g = 1. Therefore, ker (ϕ) = {1}, so ϕ is injective
and W (R) ∼= im (ϕ) ⊆ S|R| and

∣∣S|R|∣∣ = |R|! <∞. �
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Example 24.6. For R = A2, the we have the roots:

−α α = ε1 − ε2

−α− β −β

α+ β = ε1 − ε3β = ε2 − ε3

W (R) = 〈Sα, Sβ , Sα+β〉. The action on the standard basis ε1, ε2, ε3 of R3 is:

Sα : ε1 ↔ ε2, ε3 7→ ε3

Sβ : ε2 ↔ ε3, ε1 7→ ε1

Sα+β : ε1 ↔ ε3, ε2 7→ ε2

Hence, W (A2) ∼= S3.
For R = An−1, the roots are εi − εj where i 6= j ∈ [n]. Reflection Sεi−εj sends

εi ↔ εj and fixes the other basis vectors. Hence, W (An−1) ∼= Sn.

Definition 24.7. A subset B ⊆ R is a base of the root system R if

(1) E = spanR(B)
(2) For any β ∈ R, β =

∑
α∈B nαα where nα ∈ Z and either nα ≥ 0 for all α

or nα ≤ 0 for all α in B.

We say that β ∈ R is a positive root with respect to base B if all nα ≥ 0, and
similarly define negative roots. Let R+ and R− denote the subsets of positive and
negative roots, respectively. Then R = R+∪R−, a disjoint union. The set B ⊂ R+

are called simple roots and Sα, α ∈ B, are called simple reflections.

Note. The terms “positive” and “negative” roots are always taken with respect to
a choice of a fixed basis B.

Example 24.8. For R = A2:

−α α

−α− β −β

α+ ββ

A base is B = {α, β}, so R+ = {α, β, α+ β}. Another base is B̃ = {α,−α− β}
and R̃+ = {α,−α− β,−β}.

We find a Weyl group element w ∈ W (A2) ∼= S3, such that w(B) = B̃. Recall
α = ε1 − ε2, β = ε2 − ε3 and −α− β = ε3 − ε1. Hence, ε2 7→ ε1, ε3 7→ ε2, ε1 7→ ε3

yields the desired result, which corresponds to (1, 3, 2) = (1, 3)(1, 2) in S3, and
w = Sα+βSα in W (R).
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Theorem 24.9. (1) Every root system has a base.

(2) If B, B̃ are bases of R, then there exists a unique w ∈ W (R) such that

w(B) = B̃.

Proof. Omitted, see Erdmann-Wildon. �

Note. It follows that R has precisely |W (R)| different bases.

Example 24.10. A2 has 6 distinct bases, all of the form w({α, β}) for w ∈W (R) ∼=
S3.

Let B ⊂ R be a basis and fix an ordinary of the elements:

B = {α1, α2, . . . , α`}, ` = rank(R).

The Cartan matrix C of R is the matrix with integral entries Cij := 〈αi, αj〉 ∈ Z,
αi ∈ B. Since 〈Sβ(αi), Sβ(αj)〉 = 〈αi, αj〉 for any root β ∈ R, W (R) is generated
by the reflections Sβ , β ∈ R, and any two bases of R are related by a unique
w ∈ W (R), it follows that the ` × `-matrix C is uniquely specified by the root
system R, up to reordering of the basis elements.

We will show that the Cartan matrix determines a root system R up to isomor-
phism. Another way to encode the information in C is in terms of a graph, called
Dynkin diagram. The Dynkin diagram ∆(R) of a root system R with a base B is
constructed as follows:

vertices : elements of B
edges : join α, β ∈ B by dαβ edges, where dαβ := 〈β, α〉 ∈ {0, 1, 2, 3}.

If dαβ > 1, then α, β have different lengths and we draw an arrow from the longer
to the shorter root. Note that there are at most two different root lengths. Given
a Dynkin diagram, one can read off the numbers 〈αi, αj〉, and obtain the Cartan
matrix, and vice versa.

Example 24.11. An−1 with roots εi − εj , i 6= j ∈ [n]. Base:

B =


αj︷ ︸︸ ︷

εj − εj+1

∣∣∣∣∣∣ j ∈ [n− 1]

.
This is a base as for i < j:

εi − εj = αi + αi+1 + . . .+ αj−1.

Thus,

R+ = {εi − εj | i < j}
R− = {εi − εj | i > j}

dαiαi+1
= 〈αi, αi+1〉 = 1 and dαiαj = 0 = 0 if j 6= i± 1. The Dynkin diagram is:

. . .
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Example 24.12. For B2 recall the roots are:

−α α

−2α− β −β

2α+ ββ
α+ β

−α− β

We have base B = {α, β} where we have α shorter than β, and 〈β, α〉 = 2. So, the
Dynkin diagram is

β α

Example 24.13. For G2 recall the roots are:

α

β

We have base B = {α, β} where we have β longer than α, and 〈β, α〉 = 3. So the
Dynkin diagram is:

α β
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Example 24.14. For A2, recall the roots are:

−α α

−β

β

We have base B = {α, β} with same length, and 〈β, α〉 = 0, so no edges drawn
yielding two isolated vertices as the Dynkin diagram:

α β

Proposition 24.15. A root system is irreducible iff its Dynkin diagram is con-
nected.

Proof. (=⇒) Suppose R ⊆ E is an irreducible root system with base B. Then there
does not exist non-empty R1, R2 with (α, β) = 0 for each α ∈ R1 and β ∈ R2 such
that R = R1 ∪ R1. Suppose ∆(R) is disconnected (with components C1 and C2).
Then, there exists α ∈ V (C1) such that for each β ∈ V (C2), 〈β, α〉 = 0, which
implies (β, α) = 0 and similarly (α, β) = 0. One takes R1 = span(V (C1)) and
R2 = span(V (C2)), which clearly is a reducible pair of R, contradiction.

(⇐=) Suppose ∆(R) is connected. To derive a contradiction, suppose R =
R1 ∪ R2 with R1, R2 non-empty and (α, β) = 0 for each α ∈ R1 and β ∈ R2. One
need only take B ∩ R1 and B ∩ R2 as vertices to see that ∆(R) is disconnected, a
contradiction (note that say B∩R1 could be empty, which would imply B ⊆ R2, so
we need only preform a change of basis; necessarily, the change of basis preserves
the Dynkin diagram structure, i.e., will be disconnected under new basis). �

Proposition 24.16. Let B ⊂ R be a base for a root system and define

W0 = 〈Sα | α ∈ B〉 ⊂W (R).

If β ∈ R, then there exists α ∈ B, w ∈W0 such that w(α) = β (i.e., W0(B) = R).

Proof. Suppose β ∈ R+, so

β =
∑
γ∈B

kγγ, kγ ∈ N0.

Define ht(β) =
∑
γ∈B kγ . We proceed by induction on ht(β). If ht(β) = 1, then

β ∈ B and take α = β, w = 1. Now assume ht(β) ≥ 2. By axiom (2) of a root
system, at least two kγ ’s are non-zero.

We claim that there exists γ0 ∈ B such that (β, γ0) > 0. Otherwise, (β, β) =∑
γ∈B kγ(β, γ) ≤ 0, so (β, β) = 0, hence β = 0, contradicting β ∈ R (axiom (1)).

We claim that Sγ0(β) ∈ R+. Indeed, Sγ0(β) = β − 〈β, γ0〉γ0, so Sγ0(β) has at
least one coefficient kγ > 0, hence Sγ0(β) ∈ R+.

By the previous two claims,

ht(Sγ0(β)) = ht(β)− 〈β, γ0〉 < ht(β).
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By the inductive hypothesis, there exists α ∈ B, w ∈W0 such that w(α) = Sγ0(β).
Then, Sγ0w ∈W0 and it sends α to β. �

Now we can prove that the Cartan matrix, or equivalently, the Dynkin diagram
determines the root system up to isomorphism.

Theorem 24.17. Let R ⊆ E and R̃ ⊆ Ẽ be root systems with the same Dynkin

diagram. Then R ∼= R̃.

Proof. We have R ⊆ E, R̃ ⊆ Ẽ with bases B = {α1, . . . , αn} and B̃ = {α̃1, . . . , α̃n},
respectively, such that 〈αi, αj〉 = 〈α̃i, α̃j〉 for all i, j. Define a linear map ϕ : E → Ẽ

by ϕ(αi) = α̃i for all 1 ≤ i ≤ n. We need to show that ϕ(R) = R̃, since this implies

that R ∼= R̃. We use the previous proposition to obtain

{w0(α) | α ∈ B,w0 ∈W0} = R.

Now,

ϕ(Sαi(αj)) = ϕ(αj − 〈αj , αi〉αi)
= α̃j − 〈α̃j , α̃i〉α̃i
= Sα̃i(α̃j) ∈ R̃,

by axiom (3). Hence, for w0 ∈ W0, ϕ(w0(α)) ∈ R̃, so ϕ(R) ⊆ R̃. The same

argument for ϕ−1 gives ϕ−1
(
R̃
)
⊆ R. Hence, ϕ(R) = R̃. �

It follows that semi-simple Lie algebras are classified by their Dynkin diagrams
and to classify simple Lie algebras, we need to classify all connected Dynkin dia-
grams.

Theorem 24.18. Classification of connected Dynkin diagrams (equivalently, irre-
ducible root systems, and also simple complex Lie algebras):

Dynkin diagram Notation Simple Lie algebra

. . . An, n ≥ 1 sln+1(C)

. . .
Bn, n ≥ 2 so2n+1(C)

. . .
Cn, n ≥ 2 sp2n(C)

. . .
Dn, n ≥ 3 so2n(C)

G2 g2

F4 f4

E6 e6

E7 e7

E8 e8

Note. The exceptional Lie algebras are not easy to construct. The classical Lie
algebras, however, have been constructed as subalgebras of sln(C), and one can
prove that they are simple directly. Namely, the following proposition allows us
to show that they are semi-simple and by verifying that their Dynkin diagrams
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are connected, it follows by Proposition 24.15 and Proposition 22.9 that they are
simple.

Proposition 24.19. Let g be a finite dimensional Lie algebra over C with Z(g) = 0.
Assume h is a Cartan subalgebra and g = h

⊕
α∈Φ gα, where Φ ⊆ g∗ \ {0}. Suppose

(1) dim (gα) = 1, for all α ∈ Φ;
(2) if α ∈ Φ, then −α ∈ Φ; and
(3) [[gα, g−α], gα] 6= 0, for all α ∈ Φ.

Then g is semi-simple.

Proof. Suppose for a contradiction that g is not semi-simple. Then g has a solvable
ideal, so it has an abelian ideal I 6= 0. Now, [h, I] ⊆ I and adh is diagonalisable on
g, hence also on I. I is therefore a sum of eigenspaces of adh, so

I = I ∩ h
⊕
α∈Φ

(I ∩ gα).

If I ∩ gα 6= 0, for some α, then gα ⊆ I by (1), so

[[gα, g−α], gα] ⊆ [[I, g−α], I] ⊆ [I, I] = 0,

a contradiction with (3). Therefore, I = I ∩h, i.e., I ⊂ h. As Z(g) = 0, there exists
α ∈ Φ such that [I, gα] 6= 0. But

[I, gα] ⊆ I ∩ [h, gα] ⊆ I ∩ gα = 0,

a contradiction. �

We demonstrate this for sln(C):

Theorem 24.20. sln(C), n ≥ 2, is simple.

Proof. We have Z(sln(C)) = 0. Let h = {diagonal traceless matrices} ⊂ sln(C) is
a Cartan subalgebra, and

sln(C) = h
⊕
α∈Φ

gα.

We check that (1)− (3) of previous proposition holds:

(1) the root spaces gα = spanC{eij} are one-dimensional;
(2) εi − εj ∈ Φ implies εj − εi ∈ Φ; and
(3) if gα = spanC{eij}, then g−α = spanC{eji} and [[eij , eji], eij ] = 2eij 6= 0.

Hence, sln(C) is semi-simple by previous proposition. Finally, the Dynkin diagram
of sln(C)

. . .

is connected. �

Similarly, one shows that sp2n(C) and son(C) are simple for n ≥ 2, apart from
so2(C) and so4(C).
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